Coding Theory: Cyclic Codes (II)



Cyclic Codes

W So far

e A linear cyclic code C of length n contains all n cyclic shifts
of any codeword.

e c=(co,...,cn1) EFY == c(X) =
cot+caX +...+cp1 X" e Fy[X]

o C={¢(X)g(X), ¢(X) € Fy[X],deg(q(X)) <n —r}, where
g(X) is the monic polynomial of lowest degree r in C called
the generator polynomial.



Dimension of a linear e C={q¢(X)g9(X), q¢(X) €

(n, k) cyclic code F,[X],deg(¢(X)) <n—r}
I It is a vector space of dimension
If deg g(X) =, n —r over Fy.

k=n—r.




Dimension of Cyclic Codes

Example (1)

Consider the (7, 3) linear binary code C generated by

— = O

101 11 0
G=10 1011 0
00101 1
C ={q(X)g(X), q(X) € Fy[X], deg(q(X)) <n —r} where

¢ X)g(X) = (qo+ X +@X)1+ X2+ X2+ XY =qp+aX+
X% qo+q2) + X3(qo+q1) + X (g0 +q1 + q2) + X (q1 + q2) + 2 XC.



Dimension of Cyclic Codes

Example (2)

g q1 Q2 q(X)g(X) codeword

0 0 0 0 (0,0,0,0,0,0,0)
1 0 0 1+X*4X%+X* (1,0,1,1,1,0,0)
0 1 0 X+X>4+X*+X° (0,1,0,1,1,1,0)
1 1 0 1+X+X2+X° (1,1,1,0,0,1,0)
0 0 1 X?24+X*4+X°+Xx% (0,0,1,0,1,1,1)
1 0 1 1+X*+X°+X% (1,0,0,1,0,1,1)
0 1 1 X+X24+X34+X% (0,1,1,1,0,0,1)
1 1 1 1+X+X*+X% (1,1,0,0,1,0,1)



The generator Then (mod X™—1)
polynomial g(X)

divides X" — 1 in Fy[X]. s(X) = (=h(X))g(X)
I —

Divide X™ — 1 by g(X):

so s(X) must be zero and

X"-1=g(X)h(X)+s(X
(X)h(X)+s(X) JORX) = X7 — 1.

with

deg 5(X) < deg g(X). We call h(X) the check

polynomial.




Cyclic Codes

k Polynomial

Exercise. We continue with the (7,3) cyclic code, with
generator polynomial g(X) =1+ X2 + X3+ X*. Find its check
polynomial h(X).

I ——



clic Codes

Check Polynomial

Exercise. We continue with the (7,3) cyclic code, with
generator polynomial g(X) =1+ X2 + X3+ X*. Find its check
polynomial h(X).

I ——

We need a polynomial ~(X) such that

h(X)g(X) = X7 — 1 € Fy[X]. Then

(ho +hX +hoX?+ hy XHA+ X2+ X3+ XH=X"-1.
e e



clic Codes

Check Polynomial

Exercise. We continue with the (7,3) cyclic code, with
generator polynomial g(X) =1+ X2 + X3+ X*. Find its check
polynomial h(X).

I ——

We need a polynomial ~(X) such that

h(X)g(X) = X7 — 1 € Fy[X]. Then

(ho +hX +hoX?+ hy XHA+ X2+ X3+ XH=X"-1.
—~— ~—~—
1 1
1+ X +X?(1+ho) + X3+ X1+ hy + ha) + X (hy + ho +

D+ XChe+ 1)+ X=X~ 1.
Then (1+ X2+ X3)(1+ X2+ X3+ XY =XT 1.



'yelic Codes

senerator matrix

Let C be a cyclic code of length n and generator polynomial
g(X) =", g X" of degree 7

go 91 --- Gr—1  Gr 0o ... 0
G _ 0 gO .91 g'r'fl gr O 0
0 0 g o -1 Gr

The matrix G has n columns and k£ = n — r rows. Each row is
the cyclic shift of the previous row.

Since go # 0 since g(X)h(X) = X" —1, G is in echelon form, its
rows are linearly independent thus k£ = n — r is the dimension of
the code generated by G.

The rows of G belong to C so G is a generator matrix for C.



rclic Codes

B Generator matrix

Exercise. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X2 + X3 + X*. Construct its generator
matrix.

1



'yelic Codes

senerator matrix

Exercise. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X2 + X3 + X*. Construct its generator
matrix.

We know that G is obtained by putting on its first row
90, 91, 92, 93, 94, 0, 0 and then by creating cyclic shifts of this row:

1011100
G=1(01 01110
0010111



lic Codes

For a linear (n, k) cyclic code with generator polynomial g(X)
of degree r:

v' Length is n.
v" Dimension is k =n —r.
v' Generator matrix is obtained by shifts of the coefficients of
9(X).
We notice the critical role of g(X), so we prove one more result
about g(X).



If g(X) is a divisor of
X™—1, then g(X) is the
generator polynomial of
an (n, k) cyclic code.
|
Suppose g(X)| X" — 1.
We consider the set
q(X)g(X) of multiples of
g(X). This forms an

(n, k) linear code, where
k=n—degg(X). We
need to show it is cyclic.

Let ¢(X)g(X) be a codeword.
A shift is of the form
Xq(X)g(X) (mod X™ —1).
Since g(X)|X™ -1,

X" —1=g(X)s(X), thus
(Xg(X)g(X) (mod X" — 1))
(mod g(X)) = Xq(X)g(X)
(mod g(X)) =0 so Xq(X)g(X)
(mod X™ — 1) is a multiple of
g(X) and the code is indeed
cyclic.



lic Codes

For a linear (n, k) cyclic code with generator polynomial g(X)
of degree r:

v' Length is n.
v" Dimension is k =n —r.
v' Generator matrix is obtained by shifts of the coefficients of
9(X).
There is a correspondance between divisors g(X) of X™ — 1 and
cyclic codes of length n.



Systematic form Compute X"m(X) and

We want to send a X'm(X) = q(X)g(X) + s(X),
message m(X) =
(mo, - . ., mi—1), and deg(s(X)) < r. Then
encode it into ¢(X) =
X"'m(X)—s(X) =q(X)g(X
(M0r - 1,7, 7). mX) —s(X) = g X)glX)
eC

so X'm(X) — s(X) is a
codeword written

(=80, -+ =Sp—1,M0, - -, Mk_1).




tematic encoding

For a linear (n, k) cyclic code with generator polynomial g(X)
of degree 7:

e (—S0y...y,—8p—1,Mq,...,mk_1) is a codeword, and since
every cyclic shift is also a codeword, this codeword can be
shifted of k right shift to obtain codeword
(mo, ey ME—1, =805+ -, —Srfl).

e To construct a generator matrix in systematic form, encode
the message polynomials m(X) = X? fori =0,...,k — 1.



'yelic Codes

senerator matrix

Example. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X% + X3 + X%,



Cyclic Codes

B Generator matrix

Example. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X% + X3 + X%,

I ——

We encode the message polynomials m(X) = X°* for
i=0,....k— 1L, k=n—r=7-4=3.

Xix0 = Xt=gX)+1+Xx2+Xx3

Xix! = XS=Xg(X)+X+X3+x1

XgX)+ X+ X2+ (¢(X) +1+ X%+ X?)
g X)X +1)+1+ X+ X3

X'X? = X0C=g(X)(X*+X)+ X +X*+X?

We have written X" X® = ¢(X)g(X) + s(X) fori =0,1,2.



Cyclic Codes

B Generator matrix

Example. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X2+ X3 4+ X4
1

We encode the message polynomials m(X) = X? for i = 0,1, 2,
to get X" X! — s(X):

X1+ X2+ X3, XS+ (1+X+X?), X0+ (X + X%+ X3).



Cyclic Codes

B Generator matrix

Example. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X2+ X3 4+ X4
1

We encode the message polynomials m(X) = X? for i = 0,1, 2,
to get X" X! — s(X):

X1+ X2+ X3, XS+ (1+X+X?), X0+ (X + X%+ X3).

Thus we get:
(1,0,1,1/1,0,0) — (1,0,0/1,0,1,1)
(1,1,1,0/0,1,0) — (0,1,0/1,1,1,0)
(0,1,1,1/0,0,1) — (0,0,1]0,1,1,1)

with k& = 3 right shifts.



Cyclic Codes

B Generator matrix

Example. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X% + X3 + X*.

From
(1,0,1,11,0,0) — (1,0,0/1,0,1,1)
(1,1,1,0/0,1,0) — (0,1,0/1,1,1,0)
(0,1,1,1)0,0,1) — (0,0,1]0,1,1,1)
we get the generator matrix
1001011
G=1]01 01110
0010111



'yelic Codes

senerator matrix

Example. Consider the binary code of length 7 with generator
polynomial g(X) =1+ X2 + X3 + X4
|

We already know that G is obtained by putting on its first row
90, 91, 92, 93, 94, 0, 0 and then by creating cyclic shifts of this row:

1
G= |0
0

O = O
_ 0 -

1
1
0

— = =
== O
= o o
O = O
—_ o O
S~ =
_ = O
— =
=

1
— |0
0

for its systematic form, and of course both methods give the
same results.



Dimension of cyclic codes
Generator matrix

Correspondance between divisors and cyclic
codes




