Coding Theory: Equivalent Codes



Fundamental Problem

B Equivalent codes

Given n and k, when are two (n, k) codes “essentially the
same”?



Equivalent Codes

B Example

Given the following two generator matrices G; and G over Fo

101 01 1
Gl_[o 1 1]’G2:L 0 1}’

are the corresponding codes Cq, Cy “the same”?



Equivalent Codes

B Example

Given the following two generator matrices G; and G over Fo

101 01 1
Gl:[o 1 1]’G2:L 0 1}’

are the corresponding codes Cq, Cy “the same”?
Yes they are, since permuting the rows of G (putting G in a
systematic form) gives Gj.



Equivalent Codes

B Example

Given the following two generator matrices G; and G over Fs

1022 1220
Gl_[o 11 2]’G2_[0 1 2 1}’

are the corresponding codes Cy, Co “the same”?



Equivalent Codes

B Example

Given the following two generator matrices G; and G over Fs

1022 1220
Gl_[o 11 2]’G2_[0 1 2 1}’

are the corresponding codes Cy, Co “the same”?
In G, add the second row to the first one to get:

1 011
01 21



Equivalent Codes

B Example

Given the following two generator matrices (G1 and G over 3

10
01

1 2
01

2
2

0
1

(x1,22)G1 = (x1,22) { ] = (a1, x2, 2x1 + x2, 221 + 222),

NN =N

(l’l,l’g)GQ = (171,1‘2) |: :| = (131,21'1 + xo, 221 + 21‘2,1‘2),



Equivalent Codes

B Example

Given the following two generator matrices (G1 and G over 3

2
2

0
1

1
(x1,22)G1 = (x1,22) {0 ] = (a1, x2, 2x1 + x2, 221 + 222),

1
0

_ N = O
NN =N

(l’l,l’g)GQ = (171,1‘2) |: :| = (131,21'1 + xo, 221 + 21‘2,1‘2),

Yes they are essentially the same codes, since we have the same
codewords up to permuting coordinates.



Equivalent Codes

B Example

(x1,22)G1 = (21,792,271 + T2, 271 + 212),
(r1,22)G2 = (21,221 + x2,2x1 + 229, X2)
1 0 00
(21, 2x1+x2, 2014222, T2) 8 8 (1] (1) = (1, z2, 201+x2, 221+222)
01 00



Equivalent Codes

B Example

Given the following two generator matrices GG; and Gy over 3

1 0 2 2
(x1,22)G1 = (x1,22) [0 11 2]2(371,362,21614-!132,29614-2962),

(x1,22) Go

o O O
= o o O
O O = O
o = o O
S O O
o O O
O O = O
o = O O

= (21,221 + 22,221 + 222, T2) = (z1,22)G1.

o O O
o o O
O O = O
o = O O



Permutation equivalent
|
Two linear codes C1 and
Cy are permutation
equivalent provided
there is a permutation
matrix P such that G4
is a generator matrix of
C; if and only if G1 P is
a permutation matrix of
Cs.

Applying P to a generator
matrix rearrange the
columns of the generator
matrix.



A linear (n, k) code C is
permutation equivalent
to a code which has
generator matrix in
systematic form.
|
Apply elementary row
operations to any k X n
generator matrix of C to
transform it into row
echelon form: every row
will be nonzero (it has
rank k).

Each row contains a pivot, a 1st
nonzero number from the left,
always strictly to the right of the
pivot of the row above.

Multiply every row so that the
pivot is 1, repeat row operations
so that zeroes are introduced
above pivots. Because of the pivot
positions, all the columns of I are
present, permute then.



A linear (n, k) code C is
permutation equivalent
to a code which has
generator matrix in
standard form.
|
Consider the following
generator matrix (k =3
over Fy):

Row echelon form (pivots are 1):
[1 0 1 0 0]
— (0 1 1 0 1
0 0 0 1 1}
All the columns of I, are present,
permute then.

10 0 1 0]
101011
00101

(here best to permute rather than
removing 0 above pivots.)



Monomial matrix Over Fq, every monomial
I matrix is a permutation
A square matrix with matrix:

exactly one nonzero
entry in each row and
column.

= o O
O O =
O = O

M =

o O O
o O 2
o o O




Every monomial matrix
can be written either as
DP or PD', D,D’ are
diagonal matrices, P is
a permutation matrix.

DP =

PD’

[an}

[an)

S

[an)

—_

[an}

o

[an}

S|

[u—y

[an)



Monomial matrix:

convention a 0 0 [0 1 O
] (r1,22,23) [0 b O [0 O 1
We usually choose 0 0 c|]|1 0O
M = DP and apply it RE
on the right of row scaling
vectors. 01 0
<M — = (ax1,bra,cxs) |0 0 1
100
0 a 0O N
@) |0 0 B permutation
c 0 0




Monomially equivalent We can also say that Co = C1 M.

Monomial equivalence and
permutation equivalence are
the same for binary codes.

I
Two linear codes C;
(with generator matrix
G1) and Cy are
monomially equivalent
provided there is a
monomial matrix M
such that G1 M is a
generator matrix of Cs.




Monomially Equivalent Codes

B Example

Given the following two generator matrices GG; and Gy over [

102 2
Gl_[0112}’

100 0
a1 o1 1] _f1oz22 0100
270121 o1 12|00 2 0]

00 0 2

there is a monomial matrix M such that GiM = Gs, so
Co=CiM.



Code Equivalences

B One more equivalence
Suppose there exists an element w which is a zero of
X2+ X +1 (mod 2). Then w # 0,1,

Ww=w+1 (mod?2), Ww=ww+1)=w?+w=1 (mod 2).

Fy
|
+ 0 1 woow 0 1 w W
0 0 1 w w 0O 0 O 0 0
1 1 0 w? w 1 0 1 w o w?
w o o ow w? 0 1 w 0 w W 1
w? w? w 1 0 w2 0 w? 1 w



Automorphisms of I,
|
A map o from F, to
itself, such that
o(z+y) =o(z)+o(y),
o(zy) = o(z)o(y),

0(0) =0 and o(1) = 1.




Automorphisms of I, Consider Fy = {0, 1, w,w? = w + 1}.
|
A map o from F, to
itself, such that
o(z+y) =o(z)+o(y),
o(zy) = o(z)o(y),

0(0) =0 and o(1) = 1.




Automorphisms of I,
|
A map o from F, to
itself, such that
o(z+y) =o(z)+o(y),
o(zy) = o(z)o(y),
0(0)=0and o(1) = 1.

Consider Fy = {0, 1, w,w? = w + 1}.




Automorphisms of I,
|
A map o from F, to
itself, such that
o(z+y) =o(z)+o(y),
o(zy) = o(z)o(y),
0(0)=0and o(1) = 1.

Consider Fy = {0, 1, w,w? = w + 1}.

0(0)=0, o(1) =1.
o(w?) = o(w)o(w)
=o(w)+o0(l) =c(w)+ 1. So
r = o(w) satisfies 22 = z + 1.

So o(w) can be either w or w?.



Automorphisms of F, Consider Fy = {0, 1,w,w? = w + 1}.
|

A map o from F, to o 0(0)=0, o(1) = 1.

itself, such that
o(x+y) =o(z)+o(y),
o(zy) = o(z)o(y),
0(0)=0and o(1) = 1.

o o(w?) = o(w)o(w)
=o(w)+o0(l) =c(w)+ 1. So
r = o(w) satisfies 22 = z + 1.

So o(w) can be either w or w?.

e Thuso:a+bww— a+ bw or
o:a+bw— a+bw?, a,beFs.




Equivalent
|
Two linear codes C; and
Cy are equivalent
provided there is a
monomial matrix M
and an automorphism o
of F, such that

CiMo = Cs.

For a vector

X = (v1,...,2,) € FY,
xo = (o(x1),...,0(xn)).
For a codeword
c=(c1,...,¢,) € Fy and
M = DP a monomial
matrix:

cMo =cDPo

SO
CiMo = {cDPo, c € C1}.



Code Equivalences

B Example

Consider the code Cy over Fy with generator matrix

1 0 1

[0 1 w] , (21, 22) — (71, T2, 71 + WX2).

C Co C Co
(0,0,0) (0,0,0) (0,w,w?) (0,0 w)
(1,0,1) (1,0,1) (Lw,w) (1, w?w?)
w,0,w) (0% 0,w?) | (w,w,1) (w?w?1)

(w?,0,w?) (w,0,w) (w?,w,0) (w,w?,0)
0,1,w)  (0,1,w?) | (0,w? 1) (0,w,1)
(1,1, w?) (1,1,w) (1,w?,0) (1,w,0)

2 2

(w?,1,1) (w,1,1) | (w?,



oty llent e Most general form of

equivalence we will consider.

Two linear codes C; and
Cy are equivalent
provided there is a
monomial matrix M
and an automorphism o
of IF; such that

Cl Mo = C2.

e For binary codes, permutation
equivalence, monomial
equivalence and equivalence
are the same.

e For p-ary codes, monomial
equivalence and equivalence
are the same.




Equivalent e Hamming distances are

preserved by code equivalences
(permutating, scaling,
applying an automorphism,
none changes the number of
zero coordinates).

|
Two linear codes C; and
Cy are equivalent
provided there is a
monomial matrix M
and an automorphism o
of IF, such that

CiMo = Cs.

o Self-duality is preserved by
permutation equivalence, but
not by other equivalences.




For r > 2, any

(2r—-1,2" —-1-r,3)
binary code is equivalent
to the binary Hamming
code with these
parameters.
1
Consider a code C with
n=2"—1,and k=n—r,
that is n — k = r. It has
a parity check matrix H
with n — k = r rows, and
n columns.




For r > 2, any

(2r—-1,2" —-1-r,3)
binary code is equivalent
to the binary Hamming
code with these
parameters.
1
Consider a code C with
n=2"—1,and k=n—r,
that is n — k = r. It has
a parity check matrix H
with n — k = r rows, and
n columns.

e To create columns of length r
over 9, we have 2" choices,
and 2" — 1 distinct choices
excluding the whole zero
vector.

e If we try to repeat one
column, the minimum distance
drops since we have two
columns which are multiples of
each other. Therefore we can
only obtain a Hamming code.



The (4,2) tetracode
over g is equivalent to
a Hamming code.
|
A generator matrix is

1 01 1
0 1 1 —1
which is also a parity

check matrix since the
code is self-dual.

e Over F3, it is
1 0 1 1
01 1 2|
e The columns contain all
1-dimensional subspaces of F :2),,
the ?;)2%11 = 4 of them. So this
is a ternary Hamming code.

e Finally the only perfect codes
we know are Hamming codes.



Permutation equivalence
Monomial equivalence

Code equivalence




