Chapter

Ideal Class Group and Units

We are now interested in understanding two aspects of ring of integers of number
fields: “how principal they are” (that is, what is the proportion of principal
ideals among all the ideals), and what is the structure of their group of units.
For the former task, we will introduce the notion of class number (as the measure
of how principal a ring of integers is), and prove that the class number is finite.
We will then prove Dirichlet’s Theorem for the structure of groups of units.
Both results will be derived in the spirit of “geometry of numbers”, that is as a
consequence of Minkowski’s theorem, where algebraic results are proved thanks
to a suitable geometrical interpretation (mainly the fact that a ring of integers
can be seen as a lattice in R™ via the n embeddings of its number field).

4.1 Ideal class group

Let K be a number field, and Ok be its ring of integers. We have seen in
Chapter 2 that we can extend the notion of ideal to fractional ideal, and that
with this new notion, we have a group structure (Theorem 2.5). Let Ix denote
the group of fractional ideals of K. Let Px denote the subgroup of Ix formed
by the principal ideals, that is ideals of the form aOk, a € K*.

Definition 4.1. The ideal class group, denoted by CI(K), is
CUK) = Ik /Pk.

Definition 4.2. We denote by hx the cardinality |Clg|, called the class num-
ber.

In particular, if O is a principal ideal domain, then CI(K) = 0, and hx = 1.

Our goal is now to prove that the class number is finite for ring of integers
of number fields. The lemma below is a version of Minkowski’s theorem.
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46 CHAPTER 4. IDEAL CLASS GROUP AND UNITS

Lemma 4.1. Let A be a lattice of R™. Let X C R™ be a convex, compact set
(that is a closed and bounded set since we are in R™), which is symmetric with
respect to 0 (that is, v € X <—= —x e X). If

Vol(X) > 2"Vol(R"™/A),
then there exists 0 # X € A such that A € X.

Proof. Let us first assume that the inequality is strict: Vol(X) > 2"Vol(R"/A).
Let us consider the map

1
1/):§X:{§€R”|z€X}HR"/A.
If ¢ were injective, then
1 1

that is Vol(X) < 2"Vol(R"™/A), which contradicts our assumption. Thus
cannot be injective, which means that there exist x1 # xo € %X such that
Y(x1) = ¥(x2). By symmetry, we have that —zq € %X, and by convexity of X
(that is (1 —¢)x + ty € X for t € [0,1]), we have that

1 1 1 — T2 1
1— - Z(—ay) = -X.
( 2>x1+2( 72) 5 <3

Thus 0 # X =21 — 29 € X, and A € A (since ¢)(x; — x22) = 0).
Let us now assume that Vol(X) = 2"Vol(R™/A). By what we have just
proved, there exists 0 # A\, € A such that A\ € (1 + €)X for all € > 0, since

Vol((1+€6)X) = (1+¢€)"Vol(X)
= (1+¢)"2"Vol(R"/A)
2"Vol(R™/A), for all € > 0.

V

In particular, if e < 1, then A\c € 2X NA. The set 2X NA is compact and discrete
(since A is discrete), it is thus finite. Let us now understand what is happening
here. On the one hand, we have a sequence A, with infinitely many terms since
there is one for every 0 < € < 1, while on the other hand, those infinitely many
terms are all lattice points in 2X, which only contains finitely many of them.
This means that this sequence must converge to a point 0 # A € A which belongs
to (14 €)X for infinitely many € > 0. Thus A € AN (Ne—o(1 + €)X — 0). Since
X is closed, we have that A € X. O

Let n = [K : Q] be the degree of K and let (r1,73) be the signature of
K. Let o1,...,0,, be the r; real embeddings of K into R. We choose one of
the two embeddings in each pair of complex embeddings, which we denote by
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Ori41,---30r +ry,- We consider the following map, called canonical embedding
of K:
c: K— R"®C™?~R"
a—  (o1(@),...,00 (@), 0m41(Q), ..., 0 4r(@0)). (4.1)

We have that the image of Ok by o is a lattice 0(Of) in R"™ (we have that
0(Ok) is a free abelian group, which contains a basis of R™). Let «ay, ..., a, be
a Z-basis of Ok. Let M be the generator matrix of the lattice o(Ok), given by

oi(ar) ... or(a1) Re(or4i(en)) Im(or4i(en)) ... Re(op4r, (1)) Im(op4r,(a1))

o) oo onlan) Re(oni1(an) M(ori1(an) - Re(@rin(@n) Tm(opm(an)

whose determinant is given by

Vol(R"/o(Ok)) = | det(M)| = ¥ Bx|

272

Indeed, we have that Re(x) = (z + z)/2 and Im(z) = (v — 2)/2i, € C, and
|det(M)] = | det(M')

where M’ is given by

o1(aq) ... op (1) op41(ar) U”“(al);ig”“(al) cee Oty (1) U”J’”(O‘l);imﬁm(al)

Orq+1 (an)_o'Tl +1 (an) Orq+ry (O‘n)_o-'rl +7ro (an)

or(an) ... or(om) opqa(onm) 2 o Oy (an) %

Again, we have that |det(M")| = 2772 det(M")|, with M" given by this time

oi(r) .. op (1) opqa(ar) i) oo Orgr(@r)  Orry(ar)

oi(an) .. on(an) onqi(an) orgi(an) ... ‘77"1+7"2(an) Uh—i-rz(an)

which concludes the proof, since (recall that complex embeddings come by pairs
of conjugates)
|det(M)] =272 det(M")| = 27"2\/Ak.

We are now ready to prove that Cl(K) = I /Py is finite.
Theorem 4.2. Let K be a number field with discriminant Ay .

1. There exists a constant C = C,, », > 0 (which only depends on r1 and
r9) such that every ideal class (that is every coset of CI(K)) contains an
integral ideal whose norm is at most

NN}
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2. The group CI(K) is finite.

Proof. Recall first that by definition, a non-zero fractional ideal J is a finitely
generated Og-submodule of K, and there exists § € K* such that J C Og
(if B; span J as Og-module, write 3; = §;/v; and set 3 = []7;). The fact that
BJ C Ok exactly means that 3 € J~! by definition of the inverse of a fractional
ideal (see Chapter 2). The idea of the proof consists of, given a fractional ideal
J, looking at the norm of a corresponding integral ideal 5.J, which we will prove
is bounded as claimed.

Let us pick a non-zero fractional ideal I. Since [ is a finitely generated O -
module, we have that o(I) is a lattice in R™, and so is o(I~!), with the property
that Ar

n —1 n —1 K

Vol(R" /o(171)) = Vol(B" /o (Ox )N ™) = L.
where the first equality comes from the fact that the volume is given by the
determinant of the generator matrix of the lattice. Now since we have two
lattices, we can write the generator matrix of o(I~1) as being the generator
matrix of o(Og) multiplied by a matrix whose determinant in absolute value
is the index of the two lattices. Let X be a compact convex set, symmetrical
with respect to 0. In order to get a set of volume big enough to use Minkowski
theorem, we set a scaling factor

o VOIR" /o (I71))
Vol(X) ’

A" =
so that the volume of AX is
Vol(AX) = A\"Vol(X) = 2"Vol(R" /o (I1)).
By Lemma 4.1, there exists 0 # o(a) € o(I71) and o(a) € AX. Since a € [71,
we have that af is an integral ideal in the same ideal class as I, and
N(al) = |Ng/g(a IHaz ) < MA"N(I),
where M = max.ex [[|zi], * = (21,...,2,), so that the maximum over AX

gives A" M. Thus, by definition of A", we have that

2"Vol(R" /o (I71))
- Vol(X)

2"M —
= AK

2r2Vol (X))
oritra \r
= VA
Vol(X) VTF
N——
c

N(al) MN(I)

This completes the first part of the proof.
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Figure 4.1: Johann Peter Gustav Lejeune Dirichlet (1805-1859)

We are now left to prove that CI(K) is a finite group. By what we have
just proved, we can find a system of representatives J; of Ix /P consisting
of integral ideals J;, of norm smaller than C\/|Ak|. In particular, the prime
factors of J; have a norm smaller than Cy/|Ak|. Above the prime numbers
p < Cy/|Ak]|, there are only finitely many prime ideals (or in other words,
there are only finitely many integrals with a given norm). O

4.2 Dirichlet Units Theorem

By abuse of language, we call units of K the units of Ok, that is the invertible
elements of O. We have seen early on (Corollary 1.11) that units are charac-
terized by their norm, namely units are exactly the elements of O with norm
+1.

Theorem 4.3. (Dirichlet Units Theorem.) Let K be a number field of
degree n, with signature (r1,r2). The group O% of units of K is the product of
the group (Ok) of roots of unity in Ok, which is cyclic and finite, and a free
group on ry + ro — 1 generators. In formula, we have that

Of = M1 5 p(O).

The most difficult part of this theorem is actually to prove that the free
group has exactly r; + ro — 1 generators. This is nowadays usually proven
using Minkowski’s theorem. Dirichlet though did not have Minkowski’s theorem
available: he proved the unit theorem in 1846 while Minkowski developed the
geometry of numbers only around the end of the 19th century. He used instead
the pigeonhole principle. It is said that Dirichlet got the main idea for his proof
while attending a concert in the Sistine Chapel.
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Proof. Let 0 : K — R™ x C™ ~ R™ be the canonical embedding of K (see
(4.1)). The logarithmic embedding of K is the mapping

A K*— R

ar (loglor(@),...,1og o +rs(@))]

Since A(aff) = A(a) +A(B), A is a homomorphism from the multiplicative group
K* to the additive group of R 772,

Step 1. We first prove that the kernel of A restricted to O3 is a finite

group. In order to do so, we prove that if C is a bounded subset of R™+"2, then
C'={x € O3, Az) € C} is a finite set. In words, we look at the preimage of
a bounded set by the logarithmic embedding (more precisely, at the restriction
of the preimage to the units of Ok).
Proof. Since C is bounded, all |o;(z)|, z € Of, i = 1,...,n belong to some
interval say [a~!,a], @ > 1. Thus the elementary polynomials in the o;(z) will
also belong to some interval of the same form. Now they are the coefficients
of the characteristic polynomial of z, which has integer coefficients since x €
Oj;. Thus there are only finitely many possible characteristic polynomials of
elements x € C’, hence only finitely many possible roots of minimal polynomials
of elements x € C’, which shows that z can belong to C” for only finitely many
x. Now if we set C' = {0}, C" is the kernel ker(A)|ox of A restricted to O and
is thus finite.

Step 2. We now show that ker(\)

unity u(Og).
Proof. That it does consist of roots of unity (and is cyclic) is a known property
of any subgroup of the multiplicative group of any field. Thus if x € ker(\)[ox.
then x is a root of unity. Now conversely, suppose that 2™ = 1. Then z is an
algebraic integer, and

o+ consists of exactly all the roots of
K

|oi(2)|™ = |os(a™)] = 1] = 1

so that |o;(x)| = 1, and thus log |o;(x)| = 0 for all i, showing that = € ker(\)|o:. .
Step 3. We are now ready to prove that O} is a finite generated abelian

group, isomorphic to u(Ok) x Z°, s <11 + ro.

Proof. By Step 1, we know that A\(O3 ) is a discrete subgroup of R" 72 that is,

any bounded subset of R %72 contains only finitely many points of A(O};). Thus

M O3) is a lattice in R®, hence a free Z-module of rank s, for some s < ry + ro.

Now by the first isomorphism theorem, we have that

AOk) ~ Ok /(Ok)

with A(x) corresponding to the coset zp(Ok). If 1 u(Ok), ..., zsp4(Ok) form a
basis for O% /u(Ok) and x € O, then zu(Of) is a finite produce of powers of
the 2;G, so x is an element of ;(Ok) times a finite product of powers of the x;.
Since the A(z;) are linearly independent, so are the x; (provided that the notion
of linear independence is translated to a multiplicative setting: xy,...,x, are
multiplicatively independent if x"* --- 27 = 1 implies that m; = 0 for all i,
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from which it follows that 7™ -- -z = z}*--- 2+ implies m; = n; for all 7).
The result follows.

Step 4. We now improve the estimate of s and show that s <ry +ry — 1.
Proof. If z is a unit, then we know that its norm must be £1. Then

n 1 1412
=[[oi@) =[oix) ] os@)o;s(@).
i=1 i=1 j=ri+1
By taking the absolute values and applying the logarithmic embedding, we get
T1 1412
02210g|0z )|+ Z log(|oj(x |UJ( )
i=1 j=ri+l
and AN(x) = (Y1, .-, Yr,+r,) lies in the hyperplane W whose equation is
ri+7r2
Zyz +2 )y =0
j=ri+1

The hyperplane has dimension 1 +72 —1, so as above, A(O%) is a free Z-module
of rank s <17y +1ry — 1.

Step 5. We are left with showing that s = r1 + 79 — 1, which is actually the
hardest part of the proof. This uses Minkowski theorem. The proof may come
later... one proof can be found in the online lecture of Robert Ash. O

Example 4.1. Consider K an imaginary quadratic field, that is of the form
K = Q(v/—d), with d a positive square free integer. Its signature is (ri,73) =
(0,1). We thus have that its group of units is given by

Zrntre=l s G =G,
that is only roots of unity. Actually, we have that the units are the 4rth roots

of unity if K = Q(v/—1) (that is £1, i), the 6th roots of unity if K = Q(v/—3)
(that is £1, £(3,4(32), and only +1 otherwise.

Example 4.2. For K = Q(v/3), we have (r1,75) = (2,0), thus r; + 7 — 1 =1,
and p(Ok) = 1. The unit group is given by

O ~ +(2+V3)~.

The main definitions and results of this chapter are
e Definition of ideal class group and class number.

e The fact that the class number of a number field is
finite.

e The structure of units in a number field (the state-
ment of Dirichlet’s theorem)
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