Chapter

p-adic fields

In this chapter, we study completions of number fields, and their ramification
(in particular in the Galois case). We then look at extensions of the p-adic num-
bers Q, and classify them through their ramification, though they are actually
completion of number fields. We will address again the question of ramification
in number fields, and see how ramification locally can help us to understand
ramification globally.

By p-adic fields, we mean, in modern terminology, local fields of character-
istic zero.

Definition 7.1. Let K be a number field, and let p be a prime. Let v be
the place associated with p and |- |, = N(p)~°"% () (recall that a place is an
equivalence class of absolute values, inside which we take as representative the
normalized absolute value). We set K, or K, the completion of K with respect
to the | - |,-adic topology. The field K, admits an absolute value, still denoted
by | - |, which extends the one of K.

In other words, we can also define K, as

{(zn) | (z) is a Cauchy sequence with respect to |- |, }

o= (@) [ 20 — 0}

This is a well defined quotient ring, since the set of Cauchy sequence has a ring
structure, and those which tend to zero form a maximal ideal inside this ring.
Intuitively, this quotient is here to get the property that all Cauchy sequences
whose terms get closer and closer to each other have the same limit (and thus
define the same element in K,).

Example 7.1. The completion of Q with respect to the induced topology by
|- Ip is Qp.

Below is an example with an infinite prime.

73



74 CHAPTER 7. B-ADIC FIELDS

Example 7.2. If v is a real place, then K, = R. If v is a complex place, then
K, =C.

Let us now compute an example where K is not Q.

Example 7.3. Let K = Q(v/7). We want to compute its completion K, where
v is a place above 3. Since

30k = (=2 - VT)(-2+V7),
there are two places vy, v above 3, corresponding to the two finite primes
p1=(—2—V7)Ok, p2 = (-2 + V7)Ok.

Now the completion K, where v is one of the v;, i = 1,2, is an extension of Qs,
since the v;-adic topology on K extends the 3-adic topology on Q.

Since K = Q[X]/(X? — 7), we have that K contains a solution for the
equation X2 — 7. We now look at this equation in Q3, and similarly to what we
have computed in Example 5.3, we have that a solution is given by

1+3+3%24+2-344+ ...

Thus

KV ~ Qg.
One can actually show that the two places correspond to two embeddings of K
into Q3.

In the following, we consider only finite places. Let v be a finite place of a
number field.

Definition 7.2. We define the integers of K, by
O,={zxeK,||z|, <1}.
The definition of absolute value implies that O, is a ring, and that
m, ={zx e K, ||z, <1}

is its unique maximal ideal (an element of O, not in m, is a unit of O,). Such
a ring is called a local ring.

Example 7.4. The ring of integers O, of K, = Q,, is Z,, and m, = pZ,.
We have the following diagram

dense

K"KV

dense
OK ’ OI/

p dense m,
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We already have the notion of residue field for p, given by
Fy, = Ok /p.

We can similarly define a residue field for m, by
F,=0,/m,.

We can prove that

Ok/p~0O,/m,.

7.1 Hensel’s way of writing

Let 7, be in m,, but not in m2, so that ordy,, (7,) = 1. We call 7, a uniformizer
of m, (or of O,). For example, for Z,, we can take 7 = p. We now choose a
system of representatives of O, /m,:

C= {Co :O,Cl,...,cqfl}7

where ¢ = |F,| = N(p). For example, for Z,, we have C = {0,1,2,...,p — 1}.
The set
{rkco,mber,. .. mhe,1} = nhC

is a system of representatives for mk /mA+1.
Lemma 7.1. 1. Every element oo € O, can be written in a unique way as
a:ao—&—alm—l—agwg—i—...
with a; € C.
2. An element of a € K,, can be written as

—k —k+1
a=a_pmT," +a_p117, R S

3. The uniformizer generates the ideal m,,, that is

80, = mk.
4. lal, = |F,| 7%, where a = apmk + ..., ap # 0.

Proof. 1. Let @ € O,. Let ag € C be the representative of the class o + m,,

in O,/m,. We set
a — Qg
a1 = .
Ty

We have that ay € O, since

|ae — agl,

|7y

<1

|a1|u =
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Indeed, ap € o +m,, implies that « — ag € m,, and thus |« — agl, < |7 ]0-
By replacing a by «q, we find a; € C such that

a1 —ax
= ——€0,.
Ty

By iterating this process k times, we get

a = ag+aym,

2
= a9+ am, + Qom,

ag + a1, +a27r3 —+ ... +ak+17rlj+1.

Thus
la — (ag + a1, + aom> + ...+ apm®)|y = |agsly | |ET =0

when k — oo, since 7, € m, and thus by definition of m,, |7,|, < 1.

—ordm,, (o)

. We multiply o € K, by 7, , so that

—ordm,, (o
v

)ae(’),,

and we conclude by 1.

. It is clear that

k k
m,0, Cmy,.

Conversely, let us take a € m*. We then have that

a():al:...:ak_lzo
and thus
a=ant+... erto,.
. Since a = axmk + ..., ai, # 0, we have that o € 750, = m* but not in
mA+l and
k myx
acm,O).
Thus
k
s = [y
Now note that if 7, and #/, are two uniformizers, then |7,| = |« |, and

thus, we could have taken a uniformizer in the number field rather than
in its completion, that is, 7/, € p but not in p?, which yields

| = N(p) 7 ) = N(p) ™! = [y ! = [F| "
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7.2 Hensel’s Lemmas

Lemma 7.2. (First Hensel’s Lemma). Let f(X) € O,[X] be a monic poly-
nomial, and let f(X) € F,[X] be the reduction of f modulo m,. Let us assume
that there exist two coprime monic polynomials ¢1 and ¢o in F,[X] such that

f =100

Then there exists two monic polynomials fi and fa in O,[X] such that

f=ffe fi=d1, fo=¢2.
Proof. We first prove by induction that we can construct polynomials fl(k), Q(k)
in O,[X], k > 1, such that

®  f =1 mod mk
(2) f(k) Efi(k_l) mod mF—1,

v

(k=1). Since we know by assumption that there exist ¢1, ¢2 such that
f = ¢16, we lift ¢; in a monic polynomial fi(l) € 0,[X], and we have deg fi(l) =

deg ¢;.
(True up to k). We have already built fi(k). Using the condition (1), there
exists a polynomial g € O,[X] such that

F=rPfak) + kg,

Using Bézout’s identity for the ring F,[X], there exists polynomials ¢; and 1
in IF, [ X] such that
g = ¢191 + P2tp2

since ¢ and ¢y are coprime. We now lift ¢; in a polynomial h; € O,[X] of
same degree, and set
£ = 1 oxlh.

We now need to check that (1) and (2) are satisfied. (2) is clearly satisfied by
construction. Let us check (1). We have

FEVEED = (1P k) (5 + whh)

= O Lk (B hy 4 fPhy) + 72 by

= (f-7bg)+ Wl;(ffk)hz + fg(k)hl) mod mA*1,
We are now left to show that

75 (g + fho + f5Ph1) =0 mod mE+Y,

that is
-9+ fl(k)hg + fz(k)hl =0 mod m,
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or again in other words, after reduction mod m,,
~3+ FPha + fPh =0,

which is satisfied by construction of hy and hs. So this concludes the proof by
induction.
Let us know conclude the proof of the lemma. We set

fi = lim £
k—oco
which converges by (2). By (1) we have that

fufe = lim PN = .

Example 7.5. The polynomial f(X) = X2 — 2 € Z[X] is factorized as
$1= (X =3), ¢2= (X —4)
in F7[X].

Corollary 7.3. Let K be a number field, v be a finite place of K, and K, be
its completion. Denote g = |F,|. Then the set p,—1 of (¢ — 1)th roots of unity
belongs to O,,.

Proof. Let us look at the polynomial X?~! — 1. On the finite field F, with ¢
elements, this polynomial splits into linear factors, and all its roots are exactly all
the invertible elements of F,,. By Hensel’s lemma, f € O,[X] can be completely
factorized. That is, it has exactly ¢ — 1 roots in O,. More precisely, we can
write
xit—1= J] x-¢e0,x]
(Epg—1
O

Of course, one can rewrite that p,—; belongs to O since roots of unity are
clearly invertible in O,,.

Lemma 7.4. (Second Hensel’s Lemma). Let f be a monic polynomial in
O,[X] and let f' be its formal derivative. We assume that there exists a € O,
such that

[f(@)], < |f" (@)
Then there exists 3 € O, such that

and
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Proof. We set

oy = «
Apt1 = Qp — ﬁn
where Fla)
ay,
= Pl

(First part of the proof.) We first show by induction that
Lo [flan)ly < [flan-1)lv
2. [f(em)lv = [f"(@)]v-

Let us assume these are true for n > 1, and show they still hold for n + 1.
Let us first note that

|ﬁn|u -

= P, Y

|f ()], by assumption.

A

Since f € O,[X] and a € O,, this means that |f'(«)|, < 1, and in particular
implies that 3, € O,.
Let us write f(X) =ag + a1 X + a2 X? + ...+ a, X", so that

fX+a,) = a+ar(X+ay,) +a(X?+2Xa, +a2)+ ...+ a (X" +...+ab)
= (ao +a1a, + a0 + ...+ a,a?) + X(ay + as2a, + ...+ apna ) + X2g(X)

= f(an) + f/(an)X +g(X)X2

with ¢g(X) € O,[X]. We are now ready to prove that the two properties are
satisfied.

1. Let us first check that |f(an+1)]y < |f(an)|,. We have that
f(an+1) = f(an - ﬁn)

= f(an) + f/(an)(_ﬂn) + g(_ﬁn)ﬁg take X = -0,
= g(—p,)3%  recall the definition of3

Let us now consider its absolute value

|flans1)l, = \9(—5n)|u|ﬁn|§
< Bull B € 0., g€ O,[X]
PACHP
< [flow)l F(a)? by 1. and 2.
< |f(an)l, by assumption
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2. We now need to prove that |f'(ap+1)|y = |f/ ()], We have that

|f ()l = [f (o = Ba)lw

| () = Buh(=Bn)ls  take again X = —43,
maX{'f/(an)‘m |5n|u|h<_ﬁn>u|}’

= max{|f'(a)lv, |Bulv|h(—Bn)u} by 2.

and equality holds if the two arguments of the maximum are distinct. Now
the first argument is |f’(«)|,, while the second is

1Bnlu|M(=Bn)u|l < |Buly h(=Pn) € O,
< | (@),

which completes the first part of the proof.

IN

(Second part of the proof.) We are now ready to prove that there exists
an element 5 € O, which satisfies the claimed properties. We set

6= lim a,.

n—oo

Note that this sequence converges, since this is a Cauchy sequence. Indeed, for
n > m, we have

o = amly < max{lan = analy, o lamin = amly}
max{|Bn_1ls-- -, [Bmlv}
1
— o) max{|f(n—1)|v, - |f(am)l} by first part of the proof, part 2.
)iy
|f (cm)v

= - by first part of the proof, part 1.
/()]

which tends to zero by 1. Let us check that § as defined above satisfies the
required properties. First, we have that

f(B) = f(lim a,) = lim f(a,)=0.

n—oo n—oo

Since O, is closed, 8 € O,, and we have that
IB—al, = lim |a, —al,
n—oo

lim max{|a, — an—1lp,..., |01 —al,}
n—oo

max{|B_1l,...,|Bolv}
[f(a)lo

IN

IN
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7.3 Ramification Theory

Let L/K be a number field extension. Let 8 and p be primes of L and K
respectively, with 3 above p. Since finite places correspond to primes, 3 and p
each induce a place (respectively w and v) such that the restriction of w to K
coincides with v, that is

(I ) = 1o

This in turn corresponds to a field extension L, /K,. We can consider the
corresponding residue class fields:

Fp =0./B~0,/m,= F,
Fp :OK/pZOv/mv: F’U

and we have a finite field extension ¥, /F, of degree f = fy/|p = fulo- Note
that this means that the inertial degree f is the same for a prime in L/K and
the completion L.,/ K, with respect to this prime.

Lemma 7.5. Let m, be a uniformizer of K,. Then
ITolw = Tl
where e = eq/|p = €|y 05 the ramification index.

Note that this can be rewritten as m,0,, = m{,, which looks more like the
original definition of ramification index.

Proof. We can take 7, € K and 7, € L. Then 7, € p but not in p2, and
Tw € P but not in P2, Thus 7,0k = pI where I is an ideal coprime to p. If
we lift p and 7, in O, we get

pOL — H;’p‘;‘ﬁihﬂ’ ﬂ—’UOL _ H‘B:mi‘pIOL

where IOy is coprime to the J3;. Now

ordgp(my,) = ordm(H PFPIOL) = explp = €
and
|70 |w = N(‘B)iordm(m) = (N(“p)il)e = |7TTU|'Z)'
O

This lemma also means that the ramification index coincides in the field
extension and in its completion (this completes the same observation we have
just made above for the inertial degree).

Example 7.6. Let

=

Qp
Qp(/p) = Qp[X]/(X™ = p)

~
g
|
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The uniformizers are given by

Ty =Py Tw = {L/];

Thus

[Twlw = 1/p
[Tolw = 1/p"

which can be seen by noting that

/bl

1To]w = |Plw =
which is the result of the Lemma. Thus
e=n
and the extension is totally ramified.

Example 7.7. Consider

Kv = Qp
Ly = Qy(va)=Q,[X]/(X*—-a)
with o € Z¢

5, o ¢ (Q))*. We have that m, is still a uniformizer for L., but
that [Fy : Fy] = 2.

The next theorem is a local version of the fact that if K is a number field,
then O is a free Z-module of rank [K : Q.

Theorem 7.6. The O,-module O,, is free of rank
Nolv = [Lw : Kv] = fw|vew\v~

We give no proof, but just mention that the main point of the proof is the
following: if {f1,...,8;} C O, is a set such that the reductions ; generates
F,, as an [F,,-vector space, then the set

{ﬂjﬂ-ﬁj}oﬁkge,lgjgf

is an O,-basis of O,,.

7.4 Normal extensions

Let L/K be a Galois extension of number fields. Recall that the decomposition
group D of a prime B C L is given by

D = {o € Gal(L/K) | o() = P}
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and that the inertia group I is the kernel of the map that sends an element
of the Galois group in D to the Galois group Gal(Fg/F,). The corresponding
fixed subfields help us to understand the ramification in L/K:

L

e

K

We further have that
[L:K]=efyg

(note the contrast with the local case, where we have that
[Lw : Kv} == Bf

by Theorem 7.6).
To analyze local extensions, that is, the extensions of completions, we can

distinguish three cases:

Case 1. if p completely splits in L, that is g = [L: K] and e = f = 1,
then
[Ly: Ky)=ef =1

and L,, = K,. This is the case described in Example 7.3, namely
K=Q, L=Q(V7), K, =Qs, Lu = Qs.
Case 2. if p is inert, that is g =e =1 and f = [L : K], then
[Ly: K] =[L: K].

In this case, m, is still a uniformizer for L,,, but F,, # F,. This is a
non-ramified extension. For example, consider

K=Q, L=QW7), K, =Qs, Ly =Q5(V7).
Case 3. If p is totally ramified, that is e = [L : K], then
[Ly : K] =[L: K]

but this time , is not a uniformizer for L,,, and F,, = F,. For example,
consider

K=Q, L=Q\7), K, =Q7, L, =Q: (V7).
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Example 7.8. When does the Golden ratio (1++/5)/2 belongs to Q,? It is easy
to see that this question can be reformulated as: when is Q,(v/5) an extension
of @,7 Let us consider

K=Q, L=Q(5), K, =Qp Ly =Q,(V5).
Using the above three cases, we see that if p is inert or ramified in Q(\/g), then
[Ly:K,)=[L:K]=2

and the Golden ratio cannot be in Q,. This is the case for example for p = 2,3
(inert), or p = 5 (ramified). On the contrary, if p splits, then Q, = Q,(v/5).
This is for example the case for p = 11 (11 = (4 + v/5)(4 — V/5)).

To conclude this section, let us note the following:

Proposition 7.7. If L/K is Galois, we have the following isomorphism:
D,y =~ Gal(Ly /Ky).

Compare this “local” result with the its “global” counterpart, where we have
that D is a subgroup of Gal(L/K) of index [Gal(L/K) : D] = g.

7.5 Finite extensions of Q,

Let F/Q, be a finite extension of Q,. Then one can prove that F' is the com-
pletion of a number field. In this section, we forget about this fact, and start
by proving that

Theorem 7.8. Let F/Q, be a finite extension. Then there exists an absolute
value on F which extends | - |,.

Proof. Let O be the set of o« € F whose minimal polynomial over Q, has
coefficients in Z,. The set O is actually a ring (the proof is the same as in
Chapter 1 to prove that Ok is a ring).
We claim that
0= {Oé el | NF/QP(O‘) S Zp}

To prove this claim, we show that both inclusions hold. First, let us take a € O,
and prove that its norm is in Z,. If a € O, then the constant coefficient ag of
its minimal polynomial over Q, is in Z, by definition of O, and

NF/Qp(a) =tay' €Z,

for some positive m. For the reverse inclusion, we start with o € F with
Np/q, () € Zy. Let

fX)=X"4am X" 4. 4 X +ap
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be its minimal polynomial over Q,, with a priori a; € Qp,7 =1,...,m—1. Since
Np/q, (@) € Zy, we have that |ag'|, < 1, which implies that |ag|, < 1, that is
ag € Zp. We now would like to show that all a; € Z,, which is the same thing as
proving that if p* is the smallest power of p such that g(X) = p*f(X) € Z,[X],
then & = 0. Now let » be the smallest index such that p*a, € Z)y (r >0 and

r > 0if k > 0 since then p¥ag cannot be a unit). We have (by choice of r) that

g(X) = p"X™ ... +p"a, X" modp
= X"(p"X™ "4 ... +pa,) mod p.

Hensel’s lemma tells that g should have a factorization, which is in contradiction
which the fact that g(X) = p*f(X) with f(X) irreducible. Thus r = 0 and

pFagy € Z, proving that k = 0.
Let us now go back to the proof of the theorem. We now set for all « € F":
lolr = Nryg, ()]

where n = [F' : Q,]. We need to prove that this is an absolute value, which
extends | - |,.

e To show that it extends | - |,, let us restrict to a € Q,. Then
lalp = [Npyg, (@)™ = [a")/™ = |al,.

e The two first axioms of the absolute value are easy to check:
lalp =0 < a=0, |aB|r = |a|r|[|Fr.

e To show that |a + 8|r < max{|a|r,|B|F}, it is enough to show, up to
division by « or (3, that

Wl <l=ly+1r <L
Indeed, if say |a/8|r < 1, then
la/B+ 1|F <1 <max{|a/B|F,1}

and vice versa. Now we have that

VF <1 = [Ngsp, () ]19/" <1
= [Npjg,(V)lp <1
= Ngjo,(7) €%,
= €0

by the claim above. Now since O is a ring, we have that both 1 and ~ are
in O, thus v + 1 € O which implies that |y + 1|r < 1 and we are done.

O
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We set
m={ae€F||ap <1}

the unique maximal ideal of O and F = O/m is its residue class field, which is
a finite extension of F,,. We set the inertial degree to be f = [F : F,], and e to
be such that pO = m¢, which coincide with the definitions of e and f that we
have already introduced.

We now proceed with studying finite extensions of @, based on their rami-
fication. We start with non-ramified extensions.

Definition 7.3. A finite extension F/Q, is non-ramified if f = [F : Q,], that
ise=1.

Finite non-ramified extensions of Q, are easily classified.

Theorem 7.9. For each f, there is exactly one unramified extension of degree
f. It can be obtained by adjoining to Q, a primitive (p! — 1)th root of unity.

Proof. Existence. Let F,; = F,(a) be an extension of ), of degree f, and let
g(X) =X/ —‘rdflef_l +...+a1 X +ap

be the minimal polynomial of & over F,,. Let us now lift g(X) to g(X) € Z,[X],
which yields an irreducible polynomial over Q,. If « is a root of g(X), then
clearly Qp(a) is an extension of degree f of Q,. To complete the proof, it is
now enough to prove that Q,(«)/Q, is a non-ramified extension of Q,, for which
we just need to prove that is residue class field, say Iy, is of degree f over IFp,.
Since the residue class field contains a root of ¢ mod p (this is just « mod p),
we have that
Fy : Fy) > /.

On the other hand, we have that
[Fp : Fp] < [Qp(a) : Q]

which concludes the proof of existence.

Unicity. We prove here that any extension F/Q, which is unramified and
of degree f is equal to the extension obtained by adjoining a primitive (pf —1)th
root of unity. We already know by Corollary 7.3 that F' must contain all the
(p! —1)th roots of unity. We then need to show that the smallest field extension
of Q, which contains the (p/ — 1)th roots of unity is of degree f. Let 3 be a
(p! — 1)th root of unity. We have that

Qp C Qu(B) C F.

But now, the residue class field of Q,(3) also contains all the (p/ — 1)th roots
of unity, so it contains F s, which implies that

pl>
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Let us now look at totally ramified extensions.

Definition 7.4. A finite extension F' of Q, is totally ramified if F = F,, (that
is f=1and e =n).

Totally ramified extensions will be characterized in terms of Eisenstein poly-
nomials.

Definition 7.5. The monic polynomial
FX)= X" 4+ am 1 X™ .. +ap € Z,[X]
is called an Eisenstein polynomial if the two following conditions hold:
1. a; € pZy,
2. ag & p*Zy.
An Eisenstein polynomial is irreducible.

The classification theorem for finite totally ramified extensions of @, can
now be stated.

Theorem 7.10. 1. If f is an FEisenstein polynomial, then Q,[X]/f(X) is
totally ramified.

2. Let F/Q, be a totally ramified extension and let mp be a uniformizer.
Then the minimal polynomial of T is an FEisenstein polynomial.

Example 7.9. X™ —p is an Eisenstein polynomial for all m > 2, then Q,( x/p)
is totally ramified.

Proof. 1. Let F = Q,[X]/f(X), where
fX)=X"4a, 1 X™ 4 a1 X +ag
and let e be the ramification index of F. Set m = [F' : Q,]. We have to

show that e = m.
Let 7 be a root of f, then
T 4 o 4+ amt+ag=0
and
ordy (1) = 01fdn.t(am,17rm_1 + ...+ ao).
Since f is an Eisenstein polynomial by assumption, we have that a; €
pZy, C pO =m€, so that
ordp (am 7™+ dag) >e

and ordy,(7™) > e. In particular, ordy(m) > 1. Let s be the smallest

integer such that
e

>
5= ord ()
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Then m > e > s. If ordy(7™) = e, then ordy,(7) = £ and thus s =

m
e/em = m, and m > e > m which shows that m = e. To conclude the

proof, we need to show that ordy,(7™) > e cannot possibly happen. Let
us thus assume that ordy, (7) > e. This implies that

ordy (ag) = ordy (7™ + T (am_17™ + ...+ a1)) > e.

Since ordm(ag) = ordp(ag)e, the second condition for Eisenstein polyno-
mial shows that ordy(ag) = e, which gives a contradiction.

. We know from Theorem 7.6 that O is a free Z,-module, whose basis is

given by
{pjﬂf«*}OSkge,lggf

so that every element in F' can be written as
> by’
ok

and F' = Qp[rp]. Let

fX)=X"4 a1 X" . a1 X +ap

be the minimal polynomial of 7. Then +ag = Ng/q, (7F) is of valuation

1, since 7 is a uniformizer and F'/Q, is totally ramified. Let us look at 1,
the reduction of f in F,,[X]. Since F,[X] is a unique factorization domain,
we can write

fx) =] er

where ¢, are irreducible distinct polynomials in F,,[X]. By Hensel’s lemma,
we can lift this factorization into a factorization f = [] f; such that ﬂ =
qu’ Since f is irreducible (it is a minimal polynomial), we have only one
factor, that is f = f1, and f; = ¢lf1. In words, we have that fis a power
of an irreducible polynomial in F,,[X]. Then f = (X — a)™ since f must
have a root in F, = F. Since ap =0 mod p, we must have a =0 mod p
and f = X™ mod p. In other words, a; € pZ, for all 7. This tells us that
f(X) is an Eisenstein polynomial.

O



7.5. FINITE EXTENSIONS OF Qp

The main definitions and results of this chapter are

e Definition of the completion K, of a number field K,
of uniformizer.

e Hensel’s Lemmas.

e Local ramification index e,,|, and inertial degree f,|,,
and the local formula 7., = €| fuwlo-

o Classification of extensions of Q,: either non-ramified
(there a unique such extension) or totally ramified.
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