Chapter

Linear Programming

We assume that vectors are defined as column vectors. Also vector inequalities
are understood componentwise, that is, x > 0 for z € R™ means x; > 0 for
1=1,...,n.

Definition 4.1. A [linear program is an optimization problem of the form

max ¢z
st. Ax <b
x>0

where ¢,z € R", b € R™ and A is an m X n matrix.
We call ¢z the objective function, and Az < b are constraints. We refer to

this linear program as (LP).
The constraint > 0 can also be included in constraints of the form A’z < ¥’
. A . . . . b
by setting A’ = [ I} where I,, is the identity matrix and b’ = [O .
- n
Note that the above form describes a linear objective function in x with
linear constraints in x without loss of generality: if some x; < 0, then set a new
variable 2/, = —z; > 0, if some z; > d, for some constant d, then set a new
/

variable z; = z; —d > 0, if some z; < d, for some constant d, then set a new

variable x; = d — x; > 0, and if a constraint is of the form a;x > b;, then write
instead —ajx < —b;, and to minimize cTx, maximize —cTz. Finally, a variable
2; may appear with no constraint on being positive or negative, we call such
a variable a free (or unrestricted) variable. A free variable can be replaced by
Tj = Uj — Uy, Uj, Vy > 0.

A linear program can also be stated as

min yTb
st. yTA>cT
y=0
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where ¢ € R", b,y € R™ and A is an m X n matrix. We will discuss more this
form in Section 4.3.

Example 4.1. Consider the linear program:

max 2x1 + xo
st. x1+x2<1
1,72 >0

where ¢! = [2,1] and A = [1,1]. The constraints delimit a portion of R?,

namely a triangle whose vertices are (0,0), (0,1) and (1,0). To maximize the
objective function, we notice that since x1, xs should be as large as possible,
we are looking at points on the line ;1 + o = 1, and the maximum is reached
at (1,0).

4.1 Feasible and Basic Solutions

Definition 4.2. The set
{z e R", Az <b,x >0}

is called the feasible region of (LP). A point x in the feasible region is called a
feasible solution. An LP is said to be feasible if the feasible region is not empty,
and infeasible otherwise.

Example 4.2. In the above example, the feasible region is the triangle whose
vertices are (0,0), (0,1) and (1,0). Consider the linear program:

max xr1 + T
st. 1 +x9 < —1
1,22 > 0

The constraints are requesting that =1, xo are non-negative, but also below
the line 1 + 2 = —1, this LP is thus infeasible.
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Definition 4.3. A feasible maximum (respectively minimum) LP is said to
be unbounded if the objective function can assume arbitrarily large positive
(respectively negative) values at feasible points. Otherwise it is said to be
bounded.

Example 4.3. The linear program

max 1+ o

st. x1,220 >0
is unbounded, no optimal solution exists.
We thus have 3 possibilities for a LP:
e It is feasible and bounded, see Example 4.1.
e It is feasible and unbounded, see Example 4.3.
e It is infeasible, see Example 4.2.

Definition 4.4. A slack variable is a variable that is added to an inequality
constraint in Ax < b to transform it into an equality.

Example 4.4. Consider the linear program:

max 1+ o
st. x1+322<9
201 +x9 > 8
x1,x2 > 0.
We can rewrite it as
max xr1 + T2

st. x1+3x2+51=9
201 +x9 — S99 =8

T1,T2,51,52 2 0

and s1, so are slack variables. Indeed, 2z1+x5—50 =8 <= 2x1+x5 = 8459 >
8 for so > 0, and similarly 1 +3z2 4+ 51 =9 < 2z +3x2 =9 — 51 <9 for
S1 2 0.

With slack variables the problem

max CTI'

st. Ax <b
x>0
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has the standard form

max T
st. Ar=1>
x>0

and in fact, as discussed above, any LP can be converted to this standard form.
The converse is true. Suppose we have an LP of the form

T

max c'x
st. Az =0
x>0

then we can replace Az = b by Az < b and —Ax < —b.

In a linear program in standard form, we assume that the m X n matrix
A has rank m, with m < n. The case m > n corresponds to having an over
determined system, where the number of constraints m is more than the number
of unknowns n. In this case, the system typically does not have a solution, and
this requires a different approach, which we will not consider. We will see in the
next chapter that sometimes having an m x n matrix A of rank less than m can
be exploited to introduce degrees in freedom in how to solve the corresponding
LP, but for this chapter, if we have a redundant equality, we will just assume
that we remove it.

Definition 4.5. A set S C R™ is called convezif for all u,v € S, A\u+(1-A)v € S
for all A €]0, 1] (the notation (0, 1) is also often found instead of ]0, 1]).

Example 4.5. The first two sets below are convex, the 3rd one is not.

Proposition 4.1. The feasible region S = {x € R", Ax =b, = > 0} of (LP)
18 conver.

Proof. Suppose u,v € S, A €]0,1[. Set w = Au+ (1 — A)v. Then
Aw = u+ (1 - NAv =2+ (1 - \b=b

so w satisfies Aw = b. Then w = Au + (1 — A)v where X lives in ]0, 1], and
u,v > 0sow > 0. O

Definition 4.6. A point z in a convex set S is called an eztreme point of S is
there are no distinct points u,v € S and A €]0, 1] such that © = Au + (1 — A)v.

In words, this is saying that an extreme point is not in the interior of any
line segment in S.
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Example 4.6. In the example above, for the circle, the extreme points are on
its circumference.

Extreme points of convex sets are particularly important in the context of
linear programming because of the following theorem, which tells us that optimal
solutions of (LP) are found among extreme points.

Theorem 4.2. If an LP has an optimal solution (an optimal solution is a
feasible solution that optimizes the objective function), then it has an optimal
solution at an extreme point of the feasible set S = {x € R", Az =b,x > 0}.

Proof. Since there exists an optimal solution, there exists an optimal solution
z with a minimal number of nonzero components.
Suppose z is not extreme, then by definition there exist u,v € S, u # v and
A €]0, 1] such that
r=M+(1-XNves.

Since z is optimal and we want to maximize the objective function, then
Tu < ch, T < .
But also

r=X u+1-NcTv<ATz+1Q-NcTz=c"z

which forces the inequality to be an equality and since A €]0, 1], A(cT2 — cT'u) +

(1 = N)(cTx — cTv) = 0 means that 'z = cTu = cTo.

Now consider the line
z(e) =z +e(u—v), ecR.

We start by showing in (a) that the vector x(e) satisfies the constraints defined
by A for all €, in (b) that it has the same objective function as x for all €, and
in (c),(d) that its coefficients are non-negative for values of ¢ around 0:

(a) Az = Au = Av = b since z,u, v all are in the feasible region, thus Az(e) =
Az + e(Au — Av) = b for all e.

(b) cT'z(e) = o + e(cTu — cTv) = 'z for all €, since we showed above that

CTI = CTU = CTU.

(¢) If ; = 0, since x; = Au; + (1 — A)v; with u;,v; > 0, we must have
0 = Au;+(1—X)v; and thus u; = v; = 0. So z(e); = x;+e(u;—v;) = x; = 0.
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(d) If z; > 0, then z(0) = z and x(0); = z; > 0. Also, by continuity of z(€);
in €, 2(¢e); will remain positive for a suitable range of values of e around 0.

So we just showed that if x is not extreme, then it is on the line z(e€), and
every point on this line satisfies the constraints defined by A, and has the same
optimal objective function ¢!z, furthermore, x(€); > 0 for values of € around 0.
Now invoking again the continuity of z(¢); in €, we can increase € from 0, in a
positive or negative direction as appropriate (depending on the sign of u — v),
until at least one extra component of z(e) becomes 0 (since we start at z; > 0
along a line, we are in the feasible region, and then need to go through 0 before
getting something negative). This gives an optimal solution with fewer nonzero
components than x, a contradiction, so z must be extreme.

O

Example 4.7. Consider the linear program:

max 1+ o
st. 1 +ax2<1
1,22 >0

where ¢’ = (2,1) and A = (1,1). The feasible region S is shown below. The
point x = (0.5,0.5) is optimal, but not extreme. We can find two vectors
u=(1,0),v = (0,1) € S such that 2 = Ju+ 1v (A = ). Consider then the line
xz(e) =z +e(u —v).

Definition 4.7. Given the m X n matrix A which we assumed is of rank m,
select m linearly independent columns, whose indices are put in a set B. Then
we can solve

ABS(}B =b

by inverting the matrix Ap created by selecting the columns of A in B, to find
an m-dimensional vector z g, which contains the coefficients of x whose indices
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are in B. Then set the coefficients of x whose indices are not in B to be zero.
Then z is called a basic solution. A basic solution satisfying x > 0 is called a
basic feasible solution (BFS).

Example 4.8. In Example 4.1, we considered the linear program:

max 2x1 + 22
st. z1+ax2<1

1,72 >0

whose maximum is reached at (1,0).

Using a slack variable s, we can write the constraint z; + zo < 1 as 1 +
29+ s =1for s >0s0 A=1[1,1,1] and b = 1. We can have a single linearly
independent column, so if we choose B = {1}, we get Agxp = zp = 1 and
the basic solution [1,0,0], if we choose the second column, B = {2}, Apxp =
xp = 1 and we get the basic solution [0, 1, 0] and if we choose the third column,
Apxzp = xp = 1, we obtain the basic solution [0,0,1]. All the basic solutions
are feasible.

Example 4.9. Consider the linear program:

max 1+ o
st. —x1+xo<1
201 + a9 <2
T1,T2 >0

Z2

T

Using slack variables s, so, we can write the constraints so

-1 110 1
A_[Q 10 1}*"[2}
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If we choose B = {1,2}, we get

anen= (31 - [}

s (iR EE 1R

and [1/3,4/3,0,0] is a basic feasible solution.

Then

Theorem 4.3. We have that x is an extreme point of S = {x, Az =b, x > 0}
if and only if x is a basic feasible solution (BFS).

Proof. Let I ={i, x; > 0}.
(«<=) Suppose that z is a basic feasible solution, and write z = Au+ (1 — \)v
for u,v € S, A €]0,1[. To show that x is extreme, we need to show that u = v.

(a) If ¢ & I, then x; = 0 (since x is a BFS, we cannot have z; < 0), which
implies ©; = Au; + (1 — A)v; = 0 and since u;,v; > 0 (recall that u,v € 5),
it must be that u; = v; = 0, so we know that v and v coincide on indices
not in I.

(b) Since Au = Av = b, we have A(u — v) = 0. For A; the ith column of A,
this is equivalent to say that

n

Z(ul — Ui)Az =0= Z(’Lh — ’UZ)AZ =0

i=1 iel

since by (a), u; —v; = 0 for all ¢ ¢ I. But z is a BFS, this means that the
x; which are zero may be coming either from solving the system Agzp = b
for some choice B of indices, or by being coefficients whose index is not in
B, but the x; which are not zero are necessarily coming from solving the
system Agzp = b. This implies u; —v; = 0 for all 4 € I since the columns
A; of Ap are linearly independent.

Hence u = v and x is an extreme point.

(=) Suppose that x is not a BFS, that is, {4;, ¢ € I} are linearly dependent.
Then there exists u # 0 with u; = 0 for ¢ € I such that Au = 0. For small
enough €, = + eu are feasible since

o A(x +eu) = Azr + eAu = Az = b using that Au=0and z € S,

e z+ eu >0 since x > 0, and when z; =0, then ¢ ¢ I and u; =0 for i & I,
while when z; > 0, we take ¢ small enough,

and © = 3(z + eu) + 3 (@ — eu), so & is not extreme. O
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Example 4.10. In Example 4.9, we already saw that B = {1,2} gives the
point [1/3,4/3,0,0]. By choosing B = {1, 3}, we get [1,0, 2,0], by choosing B =
{2,4}, we get [0,1,0, 1], and for B = {3,4}, we get [0, 0,1, 2]. The other choices
of B are not feasible. We thus get points (z1,22) € {(1/3,4/3),(1,0), (0,1),(0,0)}.
Z2

® 1

Corollary 4.4. If there is an optimal solution, then there is an optimal BFS.

Proof. By Theorem 4.2, we know that if an LP has an optimal solution, then
it has an optimal solution at an extreme point of the feasible set. Then by
Theorem 4.3, we have that if x is an extreme point of the feasible set S =
{z, Az =b, > 0}, then z is a basic feasible solution (BFS). O

In words, we have reduced our search space considerably: we started by
trying to find an optimal solution for our optimization problem by looking at
all points of our feasible region, while it turns out that it is enough to look at
basic feasible solutions (which are extreme points of the feasible region). We
also have an algorithm to do so, based on the definition of BFS. Sometimes the
set B is called a basis.

1. Choose n —m of the variables to be 0 (z; = 0 for ¢ ¢ B). They are called
the non-basic variables. We may group them into the vector xny where
N ={1,...,n}\B.

2. Look at the remaining m columns {A;, i € B}. Are they linearly inde-
pendent? if so, we have an invertible m x m matrix Ag and we can solve
to find zp and thus . We call these z; (those in ), the basic variables.

If we try all possible choices of n — m variables, we get at most (:1) of them.
This is actually a bad algorithm... First of all, (:1) grows quickly when n and

m grow, e.g. @(1)) = 167960 and solving the m x m system of equations to find

., also costs a Gaussian elimination.
A classical method that provides a better alternative to the above algorithm
is the so-called Simplex Algorithm.

4.2 The Simplex Algorithm

We argued above that trying all the possible basic feasible solutions is too expen-
sive. The idea of the Simplex Algorithm is to start from one BFS (an extreme
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Figure 4.1: G.B. Dantzig (1914-2005) proposed the Simplex Algorithm in 1947,
on the above picture, he is awarded the National Medal of Science.

point of the feasible region), and then to try out an adjacent (or neighbouring)
BFS in such a way that we improve the value of the objective function. By
adjacent, we mean that the two BFS differ by exactly one basic (or non-basic)
variable. This would lead to an algorithm of the following form:

Algorithm 10 General Simplex Algorithm

Input: an LP in standard form max ¢z, such that Az = b, = > 0.

Output: a vector z* that maximizes the objective function ¢’ .

Start with an initial BFS.

while (the current BFS is not optimal) do
Move to an improved adjacent BFS.

return x* =BF'S;

This needs a lot of clarifications.

Non-Degeneracy. To start with, we are relying on the fact that a BFS
corresponds to extreme points of the feasible region. We need to make sure
that when we are moving from one BFS to another BFS, we actually go from
one extreme point to another extreme point, the risk being that several BFS
correspond to the same extreme point, and we could get stuck trying to improve
a BFS which actually remains the same extreme point: this results in stalling
if we eventually move to another solution, or worse, cycling, if we return to a
tried degenerate BFS.
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Example 4.11. Consider the linear program:

max xr1 + T
st. 1 +x2<1
201 + 22 <2
z1,22 >0

thus, with slack variables sy, so, we get
1 1 10 1
A=l 1o )=l

T2

@ 1

We thus have the following basic feasible solutions.

B={1,2} [1,0,0,0]
B = {133} [1703();0]
B={1,4} [1,0,0,0]
B = {2,4} [0, 1,0, 1]
B = {3,4} [0,07 1, 2]

Definition 4.8. We say that a basic feasible solution is degenerate if there exists
at least one basic variable which is 0. It is called non-degenerate otherwise. An
LP is non-degenerate if every basic feasible solution is non-degenerate.

Indeed, in order to compute x, we are given a choice B of columns of A
which are linearly independent, and

ABxB = b

Suppose that we solve for xp, and find that the ith coefficient of xg is zero.
Then this means that the ith column of Ag contributes 0 to obtain b, therefore
it can be replaced by a column of Ay such that the resulting matrix Ap remains
full rank. The th column of Ap then gets moved to form a new matrix Ay,
which does not interfere in the computation of the extreme point.

This is exactly what happened in our previous example. Once the choice
of B = {1,2} gives a basic feasible solution where the basic variable xo = 0,
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then the second column of Ag where column 2 of A is could be replaced by the
column 3 and 4 of A to create the same extreme point:

B={1,2} [1,0,0,0]
B={1,3} [1,0,0,0]
B={1,4} [1,0,0,0]

We thus need non-degenerate BFS to look for improved BFS in our algorithm.

Pivoting. Once we have a non-degenerate BFS, we need to compute an
adjacent BFS. We recall that two BFS are adjacent if they have m — 1 basic
variables in common (or equivalently, they differ by exactly one basic variable).
Given a BFS, an adjacent BFS can be reached by increasing one non-basic
variable from zero to positive, and decreasing one basic variable from positive
to zero. This process is called pivoting. As a result, one non-basic variable
“enters” B (that is, its index is put in B), while one basic variable “leaves” B.

Formally, suppose that we have a BFS z, and let z, denote the non-basic
variable of 2 which we would like to increase by a coefficient of A > 0 (the other
non-basic variables are kept to 0). Then zy will be updated to

0
TN+ A (1
0

where A multiplies a vector containing only zeroes, but for a 1 in the position
of z4. To simplify the notation, let us suppose that z, is the gth non-basic
variable, and write e, for the vector with only zero coefficients but a 1 in the
gth component (we could alternatively index xz, with respect to its position in
A instead of Ay).

We need to decrease correspondingly a basic variable. Since Agzp+Anzy =
b, we have that

rg = ABl(b — ANJ:N).

When z, increases by A, we just saw above that x gets updated to xn + Aeg,
and by similarly updating zx in Ayzy, we get

AN(CEN + )\eq)

and
o {xﬂ _ [Agl(b—ANxN)]

T lan TN

gets updated to
= [AB' = AR A (an + Aeg)
TN + Aeg
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and in conclusion

F=z4 A [‘A;AN%] .

€q
Write (Ay), for the gth column of Ay. Then

F=z+ A [_ABl(AN)q} .

€q

It is clear that multiplying & by A = [Ap, An] gives AT = Ax = b. For the
non-degenerate case, xg > 0, thus for A > 0 small enough, £ > 0. Note that
this is not true for the degenerate case, if some z; = 0, no matter how small A is,
the negative sign in —AglA ~ could create a negative coefficient. This confirms
that there exist choices of A > 0 such that the pivoting operation sent one BFS
to a feasible solution, however do note that we still have to discuss the actual
choice of A.

Example 4.12. Let us continue Example 4.9, for which

-1 110 1
A{z 10 1}’6[2}

and basic feasible solutions are:

B=1{12} [1/3,4/3,0,0]
B={1,3} [1,0,2,0]
B = {274} [0, 1,0, 1]
B={3,4} [0,0,1,2]
Z2 ]
@ L1 @, T

Suppose we start with the BFS [1,0,2,0]. Then zp,zx satisfy

=z = [ Y (1= 9 [2)).

We want to update z, so we can update x5 or ss.

e If we update sy while keeping x5 = 0, the constraint 2z1 + 2+ s9 = 2 tells
us that so can be increased to sy = 2, which in turn sends x; to 0. The
constraint —xy + xo + s1 = 1 with 1 = 5 = 0 means that s; is updated
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to 1. Replace so = 2 and 2 = 0 in the above equation gives x; = 0 and
s1 =1 as desired. Thus this instance of pivoting sends the BFS [1,0, 2, 0]
to [0,0,1,2].

e If we update x5 while keeping so = 0, the constraint 2x7 + x2 + so = 2
tells us that 2x1 + x2 = 2, but while we could increase x5 to 2 by sending
1 to 0, this would violate the constraint —x; + x2 + s; = 1. Replacing
T9 = 2 — 2x1 in this latter constraint gives —3x; + s; = —1 and we can
send s to 0, z1 to 1/3, and x5 to 4/3. Replace o = 4/3 and so = 0 in the
above question gives x; = 1/3 and s; = 0 as desired. Thus this instance
of pivoting sends the BFS [1,0,2,0] to [1/3,4/3,0,0].

Alternatively, for the BFS x = [1,0, 2, 0], use the formula
oo o] A
N €q

for ¢ =1 (z2) and A = 4/3 to get

1 [0 1/2} H 1/3
I ) I T S RS 0 B A )
T=1lo| T3 1 = |4/3
0 0 0
and for ¢ =2 (s2) and A = 2:
1 _[0 1/2] H 0
_ |2 112 1] |
T=lg| T2 0 = lo
0 1 2

which gives the desired result.
We may want to look at the geometrical interpretation of the above formula:

— A5 (An)
e

x is an extreme point, we add the vector [ q] to it, so this vector gives

the direction in which we move away from z, and A tells us how far we move
away from z along the given direction. We notice that we move while remaining
in the feasible set.

Example 4.13. Consider the linear program

max xr1 + T2
st. T +aa<1
201 +x2 < 2
T1,x2 >0

of Example 4.11, for which we saw that

B=1{1,2} [1,0,0,0]
B={1,3} [1,0,0,0]
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are two basic feasible solutions corresponding to the extreme point [1, 0,0, 0].

€2

_AJ_B’l(AN)q
€q
pivoting process, for B = {1,2},q = 1:

Let us compute the vector ] that gives the direction in the

1

—AR (Anvh] _ |2

€1 1

0

and B=1{1,3},g=1:

—1/2
—AZ (AN ) _ —1/2

el 1

0

which since B = {1, 3}, corresponds to [-1/2,1,—1/2,0].
This illustrates the problem that with degenerate BF'S, we have no guarantee
to remain within the feasible region.

Reduced Cost. We now know (or rather, almost know, we are still left
to figure out how to compute A) how to move from one BFS (which uniquely
determines an extreme point) to an adjacent BFS. We next need to discuss how
to look for an adjacent BFS which improves the objective function. For that,
we observe how it changes from x to z:

T5 o (ser[ 514

1
= ch+>\[C£,CJTv] {_AB (AN)q}

€q
= o+ )‘((C%)q - CgAél(AN)q)~
Definition 4.9. The quantity

Tq = (CJJCI)q - CgAJ_al(AN)q
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is called a reduced cost with respect to the non-basic variable x,.

If r, <0, then Ti=clz+ Arg < ¢z, which improves the cost function if
it is a minimization, or in our case, where we chose a maximization of the cost
function, we want 4 > 0.

Algorithm Termination. Since the reduced cost characterizes the im-
provement in the cost function by moving from one BFS to an adjacent one,
we expect that once the reduced cost cannot improve anymore, the algorithm
terminates, and we found an optimal solution. This is under the assumption
that BF'S are not degenerate.

Theorem 4.5. Given a basic feasible solution x* with respect to a given B,
N
that is x* =

0 ], if ¢ < 0 for all non-basic variables z;, (we assume the
n—m

objective function is a maximization), then x* is optimal.

Proof. Consider an arbitrary other feasible solution x, that is = is such that

Ax =band x > 0. Write x = [iB]. We have
N

L e - P

O(nfm)xm In—m n—m)XxXm In_m TN

Apzp — b+ AnzN . O
N - N

since Ax = [Ap, AN] BB} =b. Thus
N

H*:[ Ap AN]I {om}:[o( Ay —A;AN} {Om}:[—AEIAN} -

O(nfm)xm I m TN n—m)xm In_m TN In_m

that is

r=a"+ Y x, {‘ABI(ANH ,

€q
We can now compare the objective function of both z and z*:
—AZN (A
e = T+ Z z4(ch, cX { 5 ( N)q}
€q
geEN

= "2+ ) 2y(—ch A (AN)g + cheg)
geEN

= T+ > (g — B AR (Aw)y)
qeEN

_ T %
= cx+§ TyTq
qeEN

where r, < 0 for all ¢ € N, showing as desired that e < cTrr. O
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Example 4.14. In Example 4.12, where we want to maximize x; + x2, we
showed that we can start from the BFS z = [1,0, 2, 0], which for B = {1, 3}, is

1
. B 2 . ~ .
rewritten as = lol and reach two new extreme points T using
N
0
-1
=[] e [AR )
TN €q

The corresponding objective function to maximize is thus

Z1
T+ T = [170a150] o1
| I 1)
T
52

We can compute the corresponding reduced cost r, = (ck), — CEA;(AN)q.

For ¢ =1 (z2) and A = 4/3:

e ]2
0 0 0

thus
_ (T T 4—1 _ _
r = (CN)l — CBAB (AN)l =1- 1/2 = 1/2 > 0.
There is thus an improvement in the cost function by moving into this direction,

given by Ar, and

41
cTichx—i—)\rq:l—i—gi:E)/S.

el

i

re = (ci)2 — ch AR (An)2 =0—1/2=—1/2 <0,

For ¢ =2 (s2) and A = 2:

S
Il

N O = O

1
2
0
0
thus

and there is thus no improvement in the cost function by moving into this
direction. In fact, the objective function decreases:

-1
ch:ch+)\r2:1+27:O.
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T2 X2

@ 1 ® 1

From the BFS [1,0,2,0], we thus go the BFS [1/4,4/3,0,0]. We can check
by computing the reduced costs (see Exercise 36) that this solution is optimal

Choice of A\. We saw that given a BFS x, we can compute a new feasible

solution & given by
7= VB} +A {_Aél(AN)q} ,
x €q

_AEI(AN )q
€q
determine A > 0 (if the BFS is not degenerate which we assume, A > 0 always
exists). We choose ¢ (among the possible non-basic variables) such that the

reduced cost 7, > 0 to guarantee that the cost function increases.

The choice of X tells us “how far” we will go away from the BFS z in the
direction given by d,.

If dg > 0, then £ = = 4+ Ad; > 0 for any choice of A, so A can be chosen
arbitrarily big. Then

where we will denote by d, the “direction” vector [ } and we next

Ti=cTz+ )\chq =cTz+ Arq

becomes arbitrarily big and the LP is unbounded.

Thus we may assume that d, has at least one negative component (dg); (and
i must be in B since indices in N correspond to e;). For the ith component Z;
of & which should be non-negative so  remains feasible, we have

_(dq)i.

and since there may be several negative components in d,, we choose

ii:xi+/\(dq)i20:>/\§

A= min{xi, (dg)i < 0}.

i€B (dq)i
Then for the index ¢ that achieves the minimum, we get
~ ZT;
Ty = Ty — (d )1
(dq)i !

and the corresponding basic variable x; is set to 0. Thus this choice of \ takes
us from one BFS to another BFS. We emphasize again that if the BFS were
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degenerate, we could have x; = 0, this would achieve the above minimum, A
would be set to zero, and we would remain at the same extreme point.
We can now revisit Algorithm 10.

Algorithm 11 Simplex Algorithm
Input: an LP in standard form maxc”x, such that Az = b, = > 0.
Output: a vector z* that maximizes the objective function ¢’z (or that
the LP is unbounded).
1: Start with an initial BFS « with basis B and N = {1...n}\B;
2: For ¢ € N, compute r, = cT'd, = ¢, — chgl(AN)q.
3: while (there is a ¢ such that r, > 0) do

4: if (dqy > 0) then

5: the LP is unbounded, stop.

6: else

7: Compute A = minieg{ﬁz)i, (dg): < 0}
8: T 42+ Ady.

9: Update B and N.

An Initial Basic Feasible Solution. The first step of the algorithm
consists of finding one BFS. Remark that if the matrix A contains I,, as an
m X m submatrix, and b > 0, then there is an obvious BFS z’: choose Ag = I,,,,
then zp = A5'b = b and

Op—m Op—m
sc':[ b }:Aw':[AN, Im]{ b ]:b.

Now an m x m submatrix which is the identity will be present if the LP is such
that we need m slack variables to transform the m inequalities (of the form <)
defining the constraints into m equalities.

Tableau. The Simplex Algorithm can be computed by writing a linear
program in the form of a tableau. Suppose we have an initial BFS given by
setting the slack variables to be s = zp = b, and x = zx = 0, and create an
array of the form:

Ay L, | b
c 0, | =0

representing the linear system of equations

0 AN Im f o b o T,. _

[_1 gy OWJ r| = [O} < s=b—Anx, —f+c'z=0

so the first n columns of the tableau correspond to x1,...,x,, while the next
n 4+ m columns correspond to s1,...,Sy,. When z =0 and s =b, ¢’z = 0, and
f = —0, this is the value of the objective function in the BFS z = 0,s = b,
shown in the right bottom of the tableau. The BFS can be read from the
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tableau, since the variables corresponding to the columns of Ay are 0, and we
read zg =s=0b, xy = 0.

The next step of the algorithm is to compute the reduced costs ry = ¢4 —
cEAG (AN),, where Ap = I,,, but since B contains the indices of the slack
variables, cg = 0,,, and rq = ¢4. The condition “there is a ¢ such that r, > 07
then simplifies to check whether we have ¢, > 0 (¢; = 0 for all ¢ € B), so we pick
a column ¢ of the tableau (called pivot column) corresponding to a coefficient
cqg > 0. We then compute

d, = {_ABl(AN)q}

€q

)

€q

x; b;
A= Izlé%l{—(dlq)l’ (dq)z < 0} = I}él]lgl{az, a; € (AN)q}
since Ag = I, vp = b. Note that if d; > 0, the LP is unbounded. So
there should be coefficients in —(Ay), which are negative, that is, coefficients
in (An), which are positive. This means that given the choice of the column
¢, we look at the coefficients a;, > 0, and choose ¢ that minimizes b;/a;q, this
gives the limit on how much we can increase x4, and i is the pivot row. The last
step is the update of x, B, N, and z is updated to Z:

il 0 A Bl

so the ith row of & becomes 0 as it should be, the gth non-basic variable is
increased by b;/a;, thus ¢ goes form B to N, while ¢ goes from N to B. We
denote by B the new basis, and by N the other indices.

Next we wish to read the new basic variables x 5 from the tableau, and how
the objective function changes as a function of B. The current tableau allows

us to read [Ay, L] E] = b, so given the new B , we get a corresponding matrix

Apg, we multiply the above equation by Ag to get
—1 T _ 4-1
AB [An, L] L] = AB b.

Now some columns of [Ay, I,] correspond to the matrix Az and to the vector
x . From them, we get 5. The other columns of [Ay, I,,] correspond to Ay
and to the vector x5, from them, we get A;ANJUN, that is we can rewrite the
above equation as
—1 —1
T +AB ANIN = AB b

where setting x5 = 0 gives x5 = Aélb as the current BFS. The cost ¢z for the

current BFS is given by chélb. More generally, we evaluate ¢’ z in [z 5T N]T

to get
T T T T 4—1 T T 41
cr=cprptegry =cpAzb+ (g —cpAy Ax)rg.
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The linear system of equations is updated by:

A 01 [0 An Im} / Az 0] m Az
T 4—1 T Tl = T 4—1 = T A—1y | -
chAB 1 1 ¢ O chAB 1] [0 chAB b

We just computed the upper part, for the lower part, the same principle applies:

chél multiplies [An, I;] so the columns corresponding to B and the corre-
T
T 4—1 T T -1 i T T T A-1
élve Az Agzp, and —f —cprp —cp A Agug +eprptogag = —cp AR
0

sponding coefficients z 5 of [z, s]T will give ¢Lz 5, while the other columns will

s=b— Apnzx, f:ch

got updated to
s = Aélb — A;Aﬁxﬁ, f=cz= chélb + (c% - chélAN)xN. (4.1)

The multiplication by A]g,l is done by a Gaussian elimination, in such a way
that the column corresponding to the new basic variable gets a 1 in row ¢ and
0 elsewhere, elsewhere includes the objective function row:

e Multiply row i of Ay by 1/a;,, where a;, is the coefficient in the ith row
and gth column of Ay.

e For row i’ # i of A, add —a;¢/aiq times row i to row ¢’, where a;/4 is the
coefficient in the i’th row and ¢th column of Ay.

e Add —c,/a;q times row ¢ to the last (objective function) row.

For an explicit computation, the tableau from the initial stage gets updated to:

1 column 24 column s; column
a = ! b rOwW
a; e ai& Qiq ai&
i’ il i/ -/
iy — ajiqq a1 ... Qg — a:-: Qg = 0 0 bi’ — a:': ;i TOW 1
.. S — . Sa _— _ Cq —0 — Cap.
1 — i1 c Cg T Gig g = 0 s ‘ 0 s b;

and the matrix Ag at this stage is an identity matrix where the ith column
got replaced by the column [a1g,...,aiqg...,amq]", so its inverse is also an

identity matrix, where the ith column got replaced this time by the column
a 1 Amg T
[7(171:""’(1@""’77;} .

The coefficients CTN — ch;A & appear in the last row of the tableau for the

non-basic variables (we have zeroes for basic variables), —ch;b in the last col-

e _ Ay I
umn of the last row, as a result of the multiplication [—chél, 1] Lé\] Om} T =
m
—ch]g,lb.
At this step of the tableau, the last column containing —0 gets updated
to —0 — ic, = —0 — Ary, so we can read the updated value of the objective

Qiq
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function by negating the coefficient contained in the last row last column. Also,
cq becomes 0 for the new basic variable x4, and 0 becomes ——% for the new
iq

non-basic variable s;. The last row of the tableau thus contains c¢; — aijac—? for
iq
j=1,...,n, and 0 after that but for the term that corresponds to s;, for which
it is —=~ and
iq

¢ c c ¢
- Qig Qig - Qiq " Qiq
j J j
by looking at the ith row of [Ay, I,] x

We can now iterate the process (call Ay, b, ¢ the newly obtained matrix and
vectors), which gives the simplex algorithm in tableau form.

Algorithm 12 Simplex Algorithm
Input: an LP in standard form maxc’z, such that Az = b, = > 0.
Output: a vector z* that maximizes the objective function ¢’z (or that
the LP is unbounded).
1: Start with an initial BFS 2 with basis B and N = {1...n}\B;
2: Create the corresponding tableau.
3: while (there is a ¢ such that ¢, > 0) do
4: Choose the pivot column gq.
5: if (a;q < 0 for all 4) then
6.
7

the LP is unbounded, stop.
Choose a pivot row i, that is among a;, > 0, choose i such that b;/a;,
is minimized.

8: Multiply row i by 1/a,.
9: For i’ # i add —ajq/a;q times row ¢ to row 4’.
10: Add —c,/a;q times row i to the objective function row.

Example 4.15. Consider the following LP:

max xr1 + T2
st. x1+3r2<9
201 + 29 <8
1,22 >0

and introduce the slack variables si,s2. A BFS is given by [0,0,9,8], and for
this BFS, the objective function is taking the value 0. Using slack variables, we
write the initial tableau

1 T2 52

S1
13 1] [o]
2 1 [o] 1]
1 1 0 0]

Q|00 © o
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We are looking for a column g for which ¢, > 0, pick ¢ = 1. This corresponds
to the non-basic variable x; which we want to increase. For choosing the row,
compute by /a1; = 9 and ba/as; = 8/2 = 4, so the minimum is given by choosing
the row ¢ = 2.

You may want to keep in mind how this step of the algorithm relates to
the constraints of the LP: since z; and x, are constrained by x; + 3z5 < 9,
2x1 4+ x2 < 8, the first equation says that x; could be at most 9 if x5 = 0, the
second equation says that 2z, could be at most 8, that is 1 could be at most
8/2 =4 if x5 = 0. In order not to violate any constraint, we choose the smallest
increment for x1, which is z; = 4.

If the rows are called p1, p2, p3, Py = p2/2, P = p1 — ph, p5 = ps — pPh:

T i) S1 S9 b
5/2 -1/2| 5
1] 1/2 |0] 1/2 | 4

0 1/2 0 -1/2[—4

The objective function increased from 0 to 4. The new BFS is [4,0,5,0]. Let
us also illustrate (4.1) on this example. The last row of the tableau is

0214522 — 350 = (L=1z1+(1—3)z2 — 352
= I +$2—%(2(E1+1’2+82)
= CC1—|—{E2—4

since 21 + 25 4 s = 8. Thus we have that the objective function ¢’

can be read from the last row of the tableau:

T =x1+To

ch:(O-xl—l—%xg—%sQ)—i— 4

~—
—last row, last column

last row

Next for the column pivot 2, we choose the pivot row to be 1, since 5/(5/2) =
2 while 4/(1/2) = 8. Then pl/ = (2/5)¢h, pli = p — pl/2, pl} = ply — ph /2

T3 X2 51 S2 b
[0] 2/5 —1/5]| 2
(1] [o] —-1/5 3/5 | 3
0

0 -1/5 —2/5| -5

We see that ¢, < 0 for all g, thus the algorithm stops. The objective function
has value 5. The optimal solution is given by x; = 3, o = 2.

Geometrically, the algorithm goes from one BFS to another as shown below:
it starts at (0,0), then goes to (4,0), and then to (3,2).
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T2

Artificial Variables. We argued above that if the matrix A contains I, as
an m X m submatrix, and b > 0, then we have an immediate BFS. That b > is
not a restriction, one can always multiply the corresponding equality in the LP
standard form so that —b; < 0 becomes b; > 0. Finding an m x m submatrix
inside A may not be easy, if we can cannot just take the columns corresponding
to the slack variables. Of course, we can try some exhaustive search, pick m
columns of A until we get a choice which is linearly independent, and then we
inverse this m xm submatrix. Alternatively, we can introduce artificial variables
w1, ..., W, and solve the LP:

min Y7 w;
x,w

st. Ar+w=0>
z,w > 0.

We can solve this LP using the Simplex Algorithm (and note the presence of
the identity matrix in front of w).

e If the original problem Az = b, x > 0, has a feasible solution, then the
above LP has for optimal value 0 and w = 0. This optimal solution with
w = 0 gives the desired BFS for Az =b, z > 0.

e If the above LP has an optimal value which is strictly positive, then the
original LP is not feasible.

This is called the Two Phase Simplex Algorithm. See Exercise 38 for an Exam-
ple.

4.3 Duality

Definition 4.10. Given a primal program

P : max T

sit. Ax <b
x>0
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where ¢,z € R®, b € R™ and A is an m X n matrix of rank m, m < n, the dual
of P is defined by

where ¢ € R™, b,y € R™ and A is an m X n matrix of rank m, m < n.
It is not hard to see that the dual of the dual is the primal (see Exercise 39).

Theorem 4.6. (Weak Duality Theorem) If x is feasible for P and y is
feasible for D, then Tz < bTy.

Proof. Since y is feasible for D, yT A > ¢, and since z is feasible for P, z > 0
SO
e < (yT'A)z.

We flip the same argument. Since x is feasible for P, Az < b, and since y is
feasible for D, y > 0 so
yT Az < yTb.

Hence
e < (yTA)x <bTy.

O

Corollary 4.7. If y is a feasible solution for D, then P is bounded. Similarly,
if x is a feasible solution for P, then D is bounded.

Proof. 1If y is a feasible solution for D, then any feasible solution z for P satisfies
cTx < b7y so bTy is an upper bound for any z feasible.

If z is a feasible solution for P, then any feasible solution y for d satisfies
bTy > Tz, so ¢’z is a lower bound for any y feasible. O

Corollary 4.8. If x* is feasible for P, and y* is feasible for D and ¢ z* = bTy*,
then x* is optimal for P and y* is optimal for D.

Proof. For all x feasible for P, the Weak Duality theorem tells us that
o <bvly* =cla.

This shows that «* is optimal (maximal) for P.
Similarly, for all y feasible for D, the Weak Duality theorem tells us that

bTy Z CTZ‘* _ bTy*

This shows that y* is optimal (minimal) for D. O
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Example 4.16. Consider the primal program

max 1+ 2o
st. x1+322<9
21 +x9 < 8
x1,m2 20

with b7 = [9,8] and ¢! = [1,1].
We compute its dual:

max 9y; + Sy = by
s.t. Y1+ 2y > 1
3y1 +y2 > 1
y1,Y2 = 0.

The points z* = (3,2) and y* = (1/5,2/5) are both feasible, ¢ z* =5 = bTy
so both are optimal.

Zo Z2

@ L1 5T

Weak duality states than any feasible solution of the dual gives an upper
bound on any solution of the primal (and vice-versa). There is a stronger
version stated next, that says that values of the optimal solutions for the primal
and dual match.

Theorem 4.9. (Strong Duality Theorem) If P has an optimal solution x*,
then D has an optimal solution y* such that cTa* = bTy*.

Proof. Write the constraints of P as
Ar+s=b, ©,5>0,

where s is the vector of slack variables (an LP already in the form Az = b can
be written with inequalities by noting that Az = b <— Az <b, — Az < -b).
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Consider the bottom row in the final tableau of the Simplex Algorithm applied

to P:
z columns s columns b column

*

ci...cp | =Yl =Y, —f*

where for now cj,...,cl, —yi ... — vy, are just some notations for the reduced
costs that appear at this stage of the tableau computations. What we know
is that f* is by construction of the tableau the optimal value of the objective
function ¢z, and that all the reduced costs are negative or zero, since we
assumed that this is the final tableau, thus:

c; <0 forall j, —y; <0 for all 4.

Recall (see (4.1)) that the last row of the tableau can be read as ¢z = (¢*)Tz —
(y*)T's + f* where s = b — Az, thus
clo= =0Ty + ()" + () A

and using x = 0 in this expression gives f* = bTy*. But if this is the case, then

e=(c)T+ )T Az = c=c" + ATy (4.2)
Since ¢ <0 for all j, we get

ATy > e

This combined with y7 > 0 shows that y* is feasible for D, and f* = bTy* gives

the objective function of D at y*, namely it is the optimal value of P. Using
the Weak Duality Theorem, y* is optimal for D. O

Example 4.17. Consider the primal problem

max x1 + To
st r14+3x2+s1 =9
261 +x9+ 8520 =8
T1,%2,81,82 > 0

whose dual problem is

min 9y1 + 8ys
st y1+2y2 >1
3y1 +y2 > 1

y1,y2 >0

The initial tableau for the primal is:

1 T2

S1 S92
13 [1] o]
2 1 o] [1]
1 1 0 0]

Q|00 © o
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corresponding to the initial BFS z = [0, 0,9, 8].
We already computed in Example 4.15 that the final tableau is

I T2 S1 S92 b
[0] 2/5 —1/5]| 2
o] -1/5 3/5 | 3
0 0 -1/5 —2/5|-5
e~ N~

—ui Y3

corresponding to the BFS a* = [3, 2,0, 0], with value 5 for the objective function.
According to the proof of the Strong Duality Theorem, the coefficients y7, y3
read in the last row of the tableau form an optimal solution for the dual. We
can check that 9% + 8% = 5, thus the primal has an optimal solution z* =
[3,2,0,0], and the dual has an optimal solution y* = [1/5,2/5] such that both
their objective functions take value 5 at their respective optimal solutions. This
confirms that y* = [1/5,2/5] is indeed an optimal solution for the dual.

We saw an LP may be feasible and bounded, feasible and unbounded, and
infeasible. Thus for a primal and its dual, there are a priori 9 possibilities:

P feasible | P feasible | P infeasible
bounded | unbounded
D feasible bounded v X X
D feasible unbounded X X v
D infeasible X v v

e The Weak Duality Theorem says that if a primal and its dual are both
feasible, then both are bounded feasible.

e The Strong Duality Theorem says if an LP has an optimal solution (thus
feasible and bounded), then its dual cannot be infeasible.

The following theorem can be proven as a corollary of the Strong Duality
Theorem.

Theorem 4.10 (The Equilibrium Theorem). Let z* and y* be feasible solutions
for a primal and its dual respectively. Then x* and y* are optimal if and only

if
(1) 2?21 aijr; < b; (or (Az*); <b;) = y; =0 for all i,
(2) Y27 aijyi > ¢ (or (y*A); > ¢;) = x5 =0 for all j.

Proof. (<) (1) The sum Y7, y#b; contains terms for which Y7, aj;a} = by,
and terms for which 2?21 aijx; < b; but in this case y; = 0:

m n

m m n
St =S ui (e =30 iy
i=1 i=1  j=1

i=1 j=1
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(2) Repeating the above argument, namely that when Y " | a;;y; > ¢;, z; =0

m n n
aijwjyi = ijj‘
Jj=1

i=1 j=1

Putting both equalities together gives

m n
nybi = Z cjT; = by = cTa*
i=1 j=1

and by Corollary 4.8, z* and y* are optimal.
(=) We repeat the proof of the Weak Duality Theorem. Since y* is feasible,
(y* )T A > T, and since z* is feasible, z* > 0, thus

e < (y*)T Ax*.
Since z* is feasible, Az < b, and since y* is feasible, y > 0, so
()T Ar* < (y*)Tb = Ta* < (y*)T Az* < bTy",
or equivalently

n m n m

* * * *
E ¢y < g g y;aijry < E y; b
j=1 i=1j=1 i=1

But we know more, we know that x* and y* optimal, so we may invoke the
Strong Duality Theorem to tell us that ¢/z* = bTy* and in fact all the above
inequalities and equalities.

The first inequality thus becomes

n m n

Z cj—Znyaij z; =0.

j=1 i=1 j=1

Since z* is feasible, each z is nonnegative, and the constraints yTA > cT on
the dual forces ¢; — Y ", 2;21 yra;; <0, thus for this sum (composed of only
non-positive terms) to be zero, for each j, either one of the terms needs to be
zero. Hence if 331%, 370 yia;; > ¢j, a5 = 0.

We repeat the same argument. The second inequality gives the equality

Z Zaijx;—bi y; =0.

i=1 \ j=1

Since y* is feasible, each y; is nonnegative, and the constraints Az < b on the
primal forces Z;lzl a;jx; —b; < 0, thus for the sum to be zero, for each i, either

one of the terms needs to be zero. Hence, if Z?Zl a;;jx; < b;, then y7 =0. [
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(1) and (2) are sometimes called the complementary slackness conditions.
They require that a strict inequality (slackness) in a variable in a standard
problem implies that the complementary constraint in the dual be satisfied with
equality.

Example 4.18. Consider the primal problem

max xr1 + T2
st x4 2z, <4
4x1 4+ 229 < 12
—r1+x2 <1

x1,22 >0
whose dual problem is

min 4y + 12y2 + y3
st y1+4y2 —ys > 1
2y1 +2y2 +y3 > 1

Y1,Y2,y3 = 0

We are given that (z7,z%) = (8/3,2/3), and z} + 25 = 10/3. Since z7 > 0,
x5 > 0, this means that constraints on y* must be met with equality, namely

yitdyy —ys =1, 207 + 25 +y3 = 1.
Now using (z7, z5) = (8/3,2/3), we have

] +2x5=4<4
Aot + 205 =12 < 12
—xi a3 =-2<1.

Since we have two constraints with equality, and one with strict inequality, the
one with strict inequality means y3; = 0. Thus the two equalities in 7, y5
become
yi+dys =1, 207 +2y5 = 1.

We can solve for yi,y5: (yi,y5) = (1/3,1/6). Since this vector is feasible,
the if part of the Equilibrium Theorem implies it is optimal. Furthermore
4(1/3)+12(1/6) = 10/3, which is the same as the optimal value for the primal,
another check for optimality!

4.4 Two Person Zero Sum Games

We give an application of linear programming to game theory, for zero sum
games with two players.

A two person zero sum game is a game with two players, where one player
wins and the other player loses.
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Example 4.19. Consider the game of “Odds and Evens” (also known as match-
ing pennies). Suppose that Player 1 takes evens, and Player 2 takes odds. Each
player simultaneously shows either one finger or two fingers, if the number of
fingers matches, the result is even, Player 1 wins (say 2 dollars) otherwise it is
odd, Player 2 wins (say 2 dollars). Each player has 2 strategies, show one finger
or two fingers.
Player 2, 1 finger Player 2, 2 fingers

Player 1, 1 finger 2 -2

Player 1, 2 fingers -2 2

This table is read from the view point of Player 1, that is a 2 is a gain of 2

for Player 1, and a -2 is a loss of 2 for Player 1. It is read the other way round
for Player 2, a 2 is bad for Player 2, this is what he has to pay to Player 1, while
a -2 is good, it means Player 1 owes him 2.

We get a pay off matriz
2 =2
S

We consider games where players move simultaneously. For two players, we
have a general pay off matric A = (a;;) which summarizes the gains/losses of
both players. Suppose Player 1 indexes the rows of A, and Player 2 its columns,
which means that there is one row of A for every move of Player 1, and one
column of A for every move of Player 2. We say that Player 1 wins a;; > 0 from
Player 2, so a;; > 0 is good for Player 1, and bad for Player 2.

Suppose we are given the pay off matrix

-5 3 1 20
5 5 4 6
-4 6 0 -5

For Player 1, each row consists of a move, so for the first move, the worst is
-5, for the second move, the worst is 4, for the last move, the worst is -5. For
Player 1, it makes sense to play move 2, because this moves ensures a win.

For Player 2, each column consists of a move, and the worst for him is the
largest gain for Player 1, so for the first move, the worst is 5, for the second
move, the worst is 6, for the 3rd move, the worst is 4, and for the last move,
the worst is 20. So it makes sense for Player 2 to use move 3, this ensures the
least loss.

It turns out that for this example as3 = 4 is both the smallest entry in row
2, and the largest entry in column 3. The game is thus considered “solved”,
or we say that the game has an equilibrium which has value 4 (4 is sometimes
called a saddle point), because there is exists a strategy which is best for both
players: at the same time, it maximizes Player 1’s win, and minimizes Player
2’s loss.

Example 4.20. The game “Scissors-Paper-Stone” has no saddle point. In this
game, each player shows either scissors, paper or stone with a hand: scissors
cut paper, paper covers stone, stone breaks scissors,
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| Scissors  Paper  Stone

Scissors 0 1 -1
Paper -1 0 1
Stone 1 -1 0

The worst for Player 1 is -1 on each row. The worst for Player 2 is 1 on each
column, so there is no saddle point.

The game ”Odds and Evens” has no saddle point either.

We speak of “mixed” strategy when each move of a player is probabilistic.
In contrast, a “pure” strategy is when each move is deterministic. In the above
solved game, there was a pure strategy leading to an equilibrium: Player 1
chooses move 2, and Player 2 chooses move 3.

Consider a “mixed” strategy. Player 1 has a set of moves, move i, i =
1,...,m, whose gains/losses are specified by the coefficients a;; of the pay off
matrix A. Each move is done with probability p;. If Player 2 plays j, Player 1’s
expected pay off is

m
E Ai5Pi-
i=1

Player 1 wishes to maximize (over p = (p1,...,Pm)) his minimal expected pay
off:
m
min Z a;jp;-
|
Similarly, Player 2 has a set of moves, and move j, j = 1,...,n is attached
a probability ¢;. Player 2 wishes to minimize over ¢ = (¢, ..., ¢») his maximal

expected loss:
n
max Z Q545
7 =

There may be other ways to define what both players are interested in doing,
but we will see that this formulation is meaningful in that it will lead to a saddle
point.

Let us write the Player’s optimization problem as a linear program. Player
2 wants to minimize its maximal expected loss, that is

n
min maxg a;jq;
K3
q o

such that

n
j=1
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An equivalent formulation is

min v

q,v

st Y0 aig; <v, i=1,...,m
n
q=>0.

This is an equivalent formulation because the first constraint Z;nzl ai;q; <
v, i = 1,...,m ensures that ZT:I ai;q; will take the highest possible value v,
while v itself will be minimized. The second and third constraints tell us that ¢
defines a probability distribution. Similarly, for Player 1, we have

max v
psv
m .
st Y iiaipi>v, j=1,....n
2211 pi=1
p = 0.

Now we add a constant k to each a;; so that a;; > 0 for all ¢, 7, this does not
change the nature of the game (if the constraints Z;n:l ai;q; < v is replaced by
the constraints > 7%, (ai; +k)g; = >_71, aijg; +k <v =371 a5 < v —k,
then just set v/ = v — k and the objection function becomes to minimize v’ + k,
this thus does not change the optimal solution, though the value of the objective
function is of course shifted by k), but it guarantees v > 0. For example, if all
a;; < 0, v = 0 could be a candidate for an upper bound. So without loss of
generality, assume a;; > 0 for all 7, j. Then do the following change of variables
xj = ¢;/v (now v cannot be zero, and z; is not infinite) inside Player 2’s LP:

min v
z,v
st Ytjagr; <1, i=1,...,m
1
x>0
and since v = 1/ Z?Zl x; from the second constraint, we finally get
(P):max Y7z,
st. Ar <1
x>0
which is a primal LP in the form we are familiar with. We do the same trans-
formation for Player 1. Assume a;; > 0 and set y; = p; /v:

max v
p,v

st > iay >v, j=1,...,n
m
21:1%2 Pt
y =0,

—
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which becomes

(D) :min 57,y
st. ATy>1
y =0,

and we see that P and D are dual, hence they have the same optimal value
(that is, assuming they are feasible and bounded), reached respectively for z*
and y*.

Thus Player 1 can guarantee an expected gain of a least

v=1/> "y
=1

using the strategy p = vy*.
Player 2 can guarantee an expected loss of a most

using the strategy ¢ = va*.
The game is thus solved, and has value v.

Example 4.21. Consider the game of “Odds and Evens”, given by the pay off

matrix:
‘ Player 2, 1 finger, ¢ Player 2, 2 fingers, ¢o

Player 1, 1 finger, p; 2 -2
Player 1, 2 fingers, po -2 2

We saw there is no saddle point for a pure strategy, so we consider a mixed
strategy where each move is assigned a probability.

If we look at Player 2, if Player 1 chooses move 1, his expected loss is
2q1 — 2qo, if Player 1 chooses move 2, his expected loss is —2¢; 4+ 2¢g2. So Player
2 will try to minimize the maximum loss between 2¢; — 2¢o and —2q; +2¢2. The
corresponding LP is

min v
q,v
st. 2q1 —2qs <w
—2q1 +2q2 < v
G1+gq=1
v,q >0,

and in order to have only pay off coefficients that are positive, we add a
constant k = 3 to every coefficient, to get
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min v
q,v
st. bqr +q2 <w
q1+9g2 <w
G1+g=1
v,q > 0.

We do the change of variables z; = g;/v to get

max 1+ o
s.t. dxry+a2 <1
1+ 5re <1

x> 0.

We then solve this LP. The initial tableau is:

for the BFS [0,0,1,1] whose objective function takes value 0. Pick ¢ = 1 as
column pivot, then the row pivot is ¢ = 1:

== ot
e R
oo =
ol o
e

0 24/5 —1/5 1| 4/5
0 4/5 -1/5 0]-1/5

1 15 1/5 0| 1/5

This is the BFS [1/5,0,0,4/5] whose objective function takes value 1/5. Pick
q = 2 as column pivot, then pick the row pivot ¢ = 2:

1 0 1/5+1/120 —1/24| 1/5—1/30
0 1 —1/24 5/24 1/6
0 0 —1/5+1/30 —1/6 | -1/5—4/30

This is the BFS [1/6,1/6,0,0] whose objective function takes value 1/3 = 1/v.
To z1 = 1/6 = ¢q1/v corresponds the probability ¢; = vzy = 3/6 = 1/2. Thus
Player 2’s optimal strategy is to choose move 1 with probability ¢; = 1/2, and
move 2 with probability g; = 1/2. A posteriori, this is the strategy that makes
most sense, due to the symmetry of the pay off matrix.
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4.5 Exercises

Exercise 35. Compute all the basic feasible solutions of the following LP:

min T+ 29
st. x +2x9>3
201 +x9 > 2
x1,x2 20

Exercise 36. Consider the linear program:

max xr1 + T2
st. —x1+x2<1
201 + 22 <2
T1,T2 >0

Prove by computing reduced costs that [1/3,4/3,0,0] is an optimal solution for
this LP.

Exercise 37. Solve the following LP using the simplex algorithm:

max 6x1 + x9 + x3
s.t. 911 + 29 + 23 < 18
24x1 + xo + 4x3 < 42
1221 + 329 + 4x3 < 96

L1, T2,T3 >0
Exercise 38. Solve the following LP using the simplex algorithm:

max 3r1 + x3
s.t. xr1 + 2%2 +x3 = 30
xr1 — 2582 + 2563 =18

Ty, 22,23 20
Exercise 39. Show that the dual of the dual is the primal.

Exercise 40. Consider the following LP:

max 1+ To
st. x4+ 2x0 <4
41 + 229 < 12
—r1+x2 <1

1,72 >0

Compute its dual.
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Exercise 41. Consider the following LP:

max 2x1 +4xs +x3 + x4
T1 4+ 3rs + 14 < 4

s.t.

201+ 22 <3

932+4£L’3+£L’4§3

X1,T2,T3, T4 2 0
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Compute its dual. Show that z = [1,1,1/2,0] and y = [11/10,9/20,1/4] are

optimal solutions for respectively this LP and its dual.

Exercise 42. In Exercise 40, we computed the dual of the LP:

max

s.t.

Solve both this LP and its dual.

Exercise 43. Solve the “Scissors-Paper-Stone” whose pay off matrix is

Tr1 + X9
T+ 229 < 4
dx1 4+ 229 < 12
—r1+ 22 <1
r1,x9 > 0.
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